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I 
 

Abstract 
 
 
This thesis present novel non-destructive laboratory test methods to characterize 
asphalt concrete. The testing is based on frequency response measurements of 
specimens where resonance frequencies play a key role to derive material 
properties such as the complex modulus and complex Poisson’s ratio. These 
material properties are directly related to pavement quality and used in thickness 
design of pavements. 

Since conventional cyclic loading is expensive, time consuming and complicated 
to perform, there has been a growing interest to apply resonance and ultrasonic 
testing to estimate the material properties of asphalt concrete. Most of these 
applications have been based on analytical approximations which are limited to 
characterizing the complex modulus at one frequency per temperature. This is a 
significant limitation due to the strong frequency dependency of asphalt concrete. 
In this thesis, numerical methods are applied to develop a methodology based on 
modal testing of laboratory samples to characterize material properties over a wide 
frequency and temperature range (i.e. a master curve).  

The resonance frequency measurements are performed by exciting the 
specimens using an impact hammer and through a non-contact approach using a 
speaker. An accelerometer is used to measure the resulting vibration of the 
specimen. The material properties can be derived from these measurements since 
resonance frequencies of a solid are a function of the stiffness, mass, dimensions 
and boundary conditions.  

The methodology based on modal testing to characterize the material properties 
has been developed through the work presented in paper I and II, compared to 
conventional cyclic loading in paper III and IV and used to observe deviations from 
isotropic linear viscoelastic behavior in paper V. In paper VI, detailed 
measurements of resonance frequencies have been performed to study the 
possibility to detect damage and potential healing of asphalt concrete.   

The resonance testing are performed at low strain levels (~10^-7) which gives a 
direct link to surface wave testing of pavements in the field. This enables non-
destructive quality control of pavements, since the field measurements are 
performed at approximately the same frequency range and strain level.  

 

 

Keywords 
Resonance frequencies; Modal testing; Frequency response functions; Cyclic 
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III 
 

Sammanfattning 
 
 
Denna avhandling presenterar nya oförstörande testmetoder för att karakterisera 
asfaltprovkroppars materialegenskaper. Provningen är baserad på att mäta 
provkroppars frekvensrespons över ett brett frekvensområde där 
resonansfrekvenser spelar en central roll i bestämningen av materialegenskaper 
som den komplexa modulen och komplexa Poisson’s tal. Dessa materialegenskaper 
är direkt relaterade till beläggningskvaliteten och används i 
bärighetsdimensionering av vägar för att bestämma asfaltlagrens tjocklek.  

Intresset för att använda ultraljuds- och resonansfrekvensmätningar till att 
bestämma materialegenskaper i asfalt har ökat på senare tid eftersom 
konventionella mätmetoder är dyra, tidskrävande och komplicerade att utföra. De 
flesta av de tidigare vågbaserade metoderna har dock använt sig av approximativa 
analytiska förhållanden som är begränsade till en specifik geometri och till att 
bestämma styvhetsmodulen för en frekvens per temperatur. Detta är en stor 
begränsning med tanke på asfaltens starka frekvensberoende. I denna avhandling 
har numeriska metoder använts för att utveckla en metodik baserad på 
resonansfrekvensmätningar som kan karakterisera asfaltprovkroppars 
materialegenskaper över ett brett frekvens- och temperaturspann (dvs. en 
masterkura). 

Resonansfrekvensmätningar har utförts genom att excitera en provkropp via en 
liten hammare och genom att använda en högtalare för kontaktlös excitering. En 
accelerometer har använts för att mäta upp de resulterande vibrationerna i 
provkropparna. Materialegenskaperna kan bestämmas utifrån dessa mätningar 
eftersom resonansfrekvenserna av en kropp är en funktion av styvhet, massa, 
dimensioner och randvillkor.  

Metodiken för att karakterisera materialegenskaper genom 
resonansfrekvensmätningar har utvecklats i artikel I och II, jämförts mot 
konventionella metoder i artikel III och IV och använts för att observera avvikelser 
från isotropiskt linjärt viskoelastiskt materialbeteende i artikel V. Genom att 
använda en högtalare har detaljerade resonansfrekvensmätningar utförts för att 
undersöka möjligheten att detektera skador och potentiell läkning av en 
asfaltprovkropp i artikel VI. 

Asfalten utsätts för ungefär samma töjningsnivåer och belastningsfrekvenser vid 
resonansfrekvensmätningar som vid oförstörande seismiska fältmätningar av 
beläggningar. Detta möjliggör oförstörande kvalitetskontroller av 
vägkonstruktioner eftersom resultaten från dessa metoder kan jämföras direkt 
utifrån liknande förutsättningar.  
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1 Introduction 
Asphalt concrete consists mainly of stone aggregates of different sizes, bitumen and 
air voids. This composite material has a complex mechanical behavior that depends 
on loading frequency, temperature and strain level. It is known that asphalt 
concrete show a non-linear dependence between stress and strain above a certain 
degree of deformation. At these levels of deformation the material displays a 
viscoelastic-plastic behavior. At lower levels of deformation, asphalt concrete is 
assumed to have a linear viscoelastic behavior which greatly simplifies the difficult 
task to predict the stress-strain behavior of the material. The isotropic linear 
viscoelastic behavior of asphalt concrete can be governed by two constants such as 
the complex stiffness modulus (E*) and complex Poisson’s ratio (v*). These 
frequency and temperature dependent material properties are key parameters in 
thickness design of pavements.   

1.1 Background 
Pavement design has traditionally been based on empirical values of material 
properties that are applicable for the traffic and climate conditions under study. 
Therefore, traditional design methods are often limited for use in certain areas or 
countries. This approach has not helped to increase the general understanding of 
the fundamental mechanical behavior of pavements. Nowadays, there is an 
increasing interest of being able to perform more mechanically based designs of 
pavements to potentially optimize the cost and life length for a given road 
construction. Therefore, accurate characterization of the material properties of 
asphalt concrete is necessary to improve the design of pavements. However, the 
viscoelastic behavior makes asphalt concrete more complicated than many other 
civil engineering construction materials due to its strong temperature and 
frequency dependency. When other materials such as e.g. concrete and steel can be 
described by a constant Young’s modulus, material properties of asphalt concrete 
need to be expressed as a function of loading frequency and temperature. A master 
curve describes this relation and is therefore a valuable tool for the characterization 
of asphalt concrete (Ceylan et al. 2009; Booshehrian et al. 2013). Any test methods 
used to determine the viscoelastic properties of asphalt concrete should be able to 
measure the response over a sufficient amount of frequencies to enable accurate 
estimation of master curves. 

Conventional test methods to measure the linear viscoelastic properties of 
asphalt concrete are based on applying cyclic loading to specimens while 
continuously measuring the displacements. The cyclic testing is usually performed 
at some frequencies between 0.01 to 25 Hz and at different temperatures (Brown et 
al. 2009). This type of testing is associated with high costs and the accuracy of the 
measurements is very sensitive to the set-up of the test (Daniel et al. 2004). This 
makes the test complicated and extensive experience of the operator is often 
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required to be able to accurately perform the time consuming preparations to run 
the testing. Despite these issues, the cyclic loading is currently the most common 
and useful test to characterize a complex modulus master curve ranging from low 
to fairly high frequencies (Di Benedetto et al. 2007). Due to the high costs and 
complexity of conventional testing, predictive models have been developed to 
estimate the dynamic modulus of asphalt concrete. These models use information 
of the gradation of the aggregates, the binder, and empirical data based on 
conventional testing to predict the dynamic modulus of different mixtures (Bari 
and Witczak 2006; Christensen et al. 2003; Garcia and Thompson 2007). The use 
of predictive models save time and costs but is not as accurate as actual testing. In 
addition, most models provide an approximation of only the absolute values of the 
complex modulus. Recent work has been performed to also predict the phase angle 
of asphalt concrete, which is needed to predict a complex modulus (Yang and You 
2014; Naik and Biligiri 2014) 

Resonance and ultrasonic testing are interesting alternative test methods to 
conventional cyclic loading that have been applied to asphalt concrete specimens. 
These methods are economic, simple to perform and especially resonance testing 
has a great potential to accurately characterize the material properties. Whitmoyer 
and Kim (1994) used impact resonance testing to investigate if the concrete 
standard “ASTM C215, Test Method for Fundamental Transverse, Longitudinal, 
and Torsional Frequencies of Concrete Specimens” was applicable to asphalt 
concrete. The concrete method allows the elastic modulus to be derived for the 
fundamental resonance frequency by using simplified analytical formulations 
which are applicable to specimens with a length to diameter ratio of at least 2 
(ASTM C215 2008). Although this work did not account for the viscoelasticity of 
asphalt concrete, the precise repeatability and reproducibility were identified as 
one of many advantages of resonance testing. The concrete method was further 
applied to asphalt concrete by Kweon and Kim (2006), where correction factors of 
the damping and the specimen geometry were used to increase the accuracy of the 
elastic modulus. The half-power bandwidth method was also used to estimate the 
damping, giving the phase angle and consequently the complex modulus. A large 
number of mixtures were tested by both impact resonance testing and conventional 
cyclic compression loading in this study. The comparison of the two methods 
showed a promising agreement. However, an important finding from this study 
was that shift factors were needed to be known beforehand to be able to apply the 
concrete standard to estimate master curves of asphalt concrete. This is due to that 
the ASTM C215 standard allows the elastic modulus to be determined for one (the 
fundamental) resonance frequency which gives only one modulus per measurement 
temperature. This significant limitation has been seen in most of the work applying 
either resonance or ultrasonic testing to asphalt concrete (cf. e.g. Lacroix et al. 
2009; Nazarian et al. 2005; Di Benedetto et al. 2009; Norambuena-Contreras et al. 
2010; Mounier et al. 2012; Larcher et al. 2014). An approach capable to increase 
the usable resonance frequencies was presented by Ryden (2011), where three-
dimensional numerical calculations were applied to derive the complex moduli of 
asphalt concrete from resonance testing. The numerical calculations open up the 
possibility to estimate the complex modulus from several resonance frequencies of 
specimens with arbitrary dimensions. However, the measurements of the 
cylindrical disc-shaped specimens were limited to the fundamental longitudinal 
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and flexural modes of vibration in this study. This thesis continues to develop the 
approach of using numerical methods to derive the complex modulus and complex 
Poisson’s ratio master curves of asphalt concrete specimens with arbitrary 
dimensions through resonance testing. 

In addition to economic, fast and simple measurements, there are further 
advantages of developing accurate test methods based on resonance frequency 
measurements: 

• The mechanical properties of asphalt concrete are, in similarity to many 
other materials, dependent on the magnitude of the applied stress (Airey 
and Rahimzadeh 2004; Nguyen et al. 2014). Conventional tests, usually 
performed at strain levels of around 50∙10-6, are limited to testing above 
the magnitude of approximately 10-6. Resonance frequency testing is 
performed at lower strain levels (10-7 and below) and can therefore extend 
the strain level measurement range. This can be used to increase the 
knowledge of the strain level dependency of asphalt concrete and low 
strain measurements can be used for early damage detection (Van Den 
Abeele et al. 2000). 

• The thickness and air void content of cored samples from the roads are 
currently used as quality control of pavements. There is a will to reduce 
this destructive point wise testing of pavements. Low strain laboratory 
resonance testing has the potential to provide the necessary link to non-
destructive field measurements to enable non-destructive quality control 
of pavements (Ryden 2004). 

1.2 Objectives 
The objectives of this thesis are to develop economic and accurate non-destructive 
testing (NDT) methods to characterize the isotropic linear viscoelastic properties of 
asphalt concrete over a wide frequency range. Effects of applied strain levels, 
applicability to different geometries and dimensions and the possibility for early 
damage detection are also studied in this thesis.  

1.3 Limitations 
The novel NDT methods presented in this thesis have been applied to a limited 
number of asphalt concrete specimens of different shapes and dimensions. The 
appended papers present modal test results of three beam shaped asphalt concrete 
specimens and of three cylindrical shaped specimens. One disc-shaped asphalt 
concrete specimen has been tested by the non-contact excitation approach using a 
speaker. Concrete and PVC-U specimens have been tested in addition to the asphalt 
concrete specimens. The modal testing to determine frequency response functions 
has been performed by using an impact hammer. Other excitation methods such as 
e.g. a shaker remain to be applied to asphalt concrete for this purpose.  

 





  Methodology | 5 

 

2 Methodology 
The main findings presented in the appended papers of this thesis are based on 
resonance frequency measurements of asphalt concrete specimens with different 
shapes and dimensions. Resonance occurs when the frequency of a driving force 
equals the natural frequencies of an object. The natural frequencies of a solid with 
free boundary conditions are a function of the mass, the dimensions and the elastic 
constants. This relation has been widely used to derive elastic constants of many 
different materials through resonance frequency measurements. Resonant 
ultrasound spectroscopy (RUS) is one of the most accurate and well-known 
methods based on resonance frequency measurements to derive elastic constants of 
isotropic and anisotropic materials (Migliori and Sarrao 1997; Li and Gladden 
2010). RUS is also referred to as resonant acoustic spectroscopy (RAS) in cases 
where the measurements are performed below the ultrasonic frequencies i.e. < 20 
000 Hz (Ostrovsky et al. 2001). In RUS and RAS, a large number of resonance 
frequencies of several modes of vibration are excited and measured by one single 
frequency sweep. To derive the elastic constants from these measurements the so-
called forward and inverse problem need to be solved. The forward problem is 
solved by using numerical methods to calculate all theoretical resonance 
frequencies based on assumed values of the elastic constants. The following inverse 
problem is solved by adjusting the elastic constants so that the theoretical 
resonance frequencies agree with the measured resonance frequencies. The 
number of measured resonance frequencies is often much larger than the number 
of elastic constants that are to be determined. This enables very accurate 
estimation of the elastic constants of both isotropic and anisotropic elastic 
materials (Migliori and Sarrao 1997). The development of RUS is relatively new 
compared to e.g. wave propagation techniques, due to need of computers for 
efficient calculation of the forward and inverse problem. Before Holland (1967) and 
Demarest (1971) applied numerical approximation methods to calculate theoretical 
resonance frequencies, analytical calculations were limited to specific geometries as 
cubes or spheres. Ohno (1976) refined and extended the work performed by 
Demarest to determine elastic constants for further symmetries. However, RUS got 
widely known and applied first after work by e.g. Migliori et al. (1990), Maynard 
(1992) and Visscher et al. (1991) where computational algorithms were developed 
to enable the determination of elastic constants of samples with arbitrary 
geometries (Migliori et al. 1993; Maynard 1996).  

Other NDT measurements based on recording the travel time of a wave 
propagating through a sample have been applied to asphalt concrete by e.g. 
Nazarian et al. (2005), Di Benedetto et al. (2009) and Norambuena-Contreras et al. 
(2010). The wave speed generally depend on the stiffness and the density which 
enable an estimation of the modulus by measuring the time of the propagating 
wave over a known distance. However, there are some important disadvantages 
related to applying ultrasonic wave propagation methods to asphalt concrete. For 
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example, the modulus is determined at very high frequencies (> 20 kHz) and for 
only one frequency at each test temperature. It is important to be able to determine 
the complex modulus of asphalt concrete over a wide frequency range including 
low frequencies, since pavements are exposed to much lower frequencies than the 
ultrasonic frequencies. One of the main disadvantages is although that the accuracy 
of the ultrasonic testing decreases when it is applied to materials that are not truly 
homogeneous (Bernard et al 2014). For such materials, as e.g. asphalt concrete, it is 
important that the wavelength is larger than the inhomogenities in the sample to 
reduce diffraction and scattering effects. Inhomogenities with similar sizes as the 
wavelength can cause diffraction which limits the accuracy, since wave propagation 
methods are usually based on the approximation of plane-waves. In addition, the 
waves can be scattered by the local inhomogenities if the wavelength is shorter than 
the local obstructing objects. This gives a diffuse wave front and the measured wave 
speed becomes dependent on the fastest path of the wave inside the sample and on 
the placement of the sensors. At the same time the wavelength need to be much 
smaller than the specimen due to the plane-wave approximation. This limits the 
minimum size of the specimen and the measurements becomes less accurate with 
increasing frequencies. Resonance testing is less affected by the heterogeneous 
nature of asphalt concrete since measurements are performed at lower frequencies 
and does not rely on an approximation of plane-waves. In fact, no assumptions of 
idealized states of stress and strain are needed since RUS accounts for the complex 
vibrations of the sample. Another important advantage with RUS is that it is 
possible to determine the complete stiffness coefficient matrix from one single 
measurement. The number of measurements needed to obtain the same result 
using wave propagation methods is at least equal to the number of stiffness 
coefficients in the matrix (Leisure and Willis 1997).  

The approach of measuring resonance frequencies and solving the forward and 
inverse problem to determine material properties has been central in the methods 
presented in papers I to V appended in this thesis. However, the frequency 
dependency of asphalt concrete does not allow the concept of RAS to be fully 
applied in its original form. Several discrete resonance frequencies cannot be used 
to increase the accuracy of a specific material property since each frequency gives a 
unique modulus. Therefore, there is a need to use additional information, namely 
the amplitude of the frequency response curve, from the resonance frequency 
measurements. The amplitude of the frequency response curve can be accounted 
for by also measuring the applied force of the impact. This force is used to 
normalize the amplitude of the response by dividing the response with the force. 
This gives a transfer function or a frequency response function (FRF) when it is 
expressed in frequency domain. Through the use of FRFs, the amplitude over the 
entire frequency range under study in addition to the resonances can be used as 
input to the estimation of the material properties. The additional input significantly 
increases the number of points that can be used to fit a theoretical curve against the 
measured behavior of the viscoelastic asphalt concrete. Consequently, viscoelastic 
material properties over a wide and fine sampled frequency range can be estimated 
with good accuracy by measuring and calculating FRFs. An application of RAS to 
asphalt concrete was applied in paper I and FRFs were measured and calculated in 
papers II to V. Optimization of FRFs to derive material properties have also been 
successfully applied to different types of frequency dependent viscoelastic materials 



  Methodology | 7 

 

in other fields of engineering (Ren et al. 2011; Renault et al. 2011; Rupitsch et al. 
2011; Finnveden et al. 2014). 

2.1 Resonance frequency measurements 
The resonance frequencies of a specimen with free boundary conditions are 
determined by measuring the vibrations that are generated by an excitation. The 
excitation can be performed by an impact giving a transient vibration of the solid 
over a frequency range depending on the impact contact time. The resonance 
frequencies can also be excited through frequency sweeps where the driving 
frequencies can be defined beforehand. The impact excitation has been applied in 
papers I to V and a frequency sweep excitation using a speaker has been used in 
paper VI.  

The impact resonance test set-up is illustrated in Figure 1, where an impact 
hammer is used to apply the load and an accelerometer is used to measure the 
vibrations over time. The impact hammer (PCB model 086E80) and the 
accelerometer (PCB model 35B10) are connected to a signal conditioner (PCB 
model 480B21), which is shown down in the left corner of Figure 1. The signal 
conditioner prepares the signals for analog to digital conversion and can amplify 
the measurement signals if necessary. The signal conditioner is connected to the 
data acquisition device (NI USB-6251 M Series), shown in the right bottom corner 
of Figure 1, which converts the analog signals to digital signals.  

 

Figure 1: Equipment and test set-up for the impact hammer resonance frequency 
measurements 
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This specific data acquisition device has a sampling rate of 1.25 MHz which 
allows a sampling rate of 500 kHz for each of the two channels of the accelerometer 
and the impact hammer. The data acquisition device is connected to a computer 
through a USB cable. The data acquisition toolbox in MATLAB® is used to set-up 
the data acquisition device and to run and record the measurements. The specimen 
is placed on soft foam for free boundary conditions. 

Figure 2 shows an example of conventional cyclic loading test set-up as a 
comparison to the resonance frequency test set-up. Figure 2a shows a part of the 
heavy load frame used to apply the cyclic loading. Additional equipment needed for 
this test such as hydraulics, computer systems and connections are not shown in 
this figure. Figure 2b shows the details of the specimen set-up where the top and 
bottom is glued to enable tension and compression loading. Five sensors are used 
in this set-up to enable accurate measurements of the axial and radial 
displacements. A visual comparison between Figure 1 and 2 can give an indication 
of the advantages in speed and simplicity of performing resonance testing 
compared to the conventional cyclic loading. For example, all equipment that is 
needed to perform resonance testing can be carried in one single bag. Note that a 
climate chamber, such as the rectangular box shown in Figure 2a, is necessary in 
both test methods to perform measurements at different temperatures.  

  

a b 

Figure 2: Example of equipment and test set-up to perform conventional cyclic 
loading (a) and a detailed set-up of a specimen (b). The photos are taken at ENTPE, 
University of Lyon  
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Figure 3 shows the impact hammer and the accelerometer positioned to measure 
the flexural (anti-symmetric around the center of the diameter) modes of vibration 
of a disc-shaped asphalt concrete specimen. An impact in the center of the 
specimen generates the longitudinal (symmetric) modes of vibration. It is 
recommended to apply the impact to a stone on the surface of the specimen instead 
of to the binder. This is because hitting a stone often results in a shorter contact 
time of the impact compared to applying the impact to the binder. A shorter 
contact time of the impact provides energy to the specimen over a wider frequency 
range compared to a longer contact time of the impact. The softer binder may 
damp the impact which leads to a longer contact time that reduces the excitable 
frequency range compared to hitting a stone. The accelerometer is also 
recommended to be attached to a stone instead of to the binder.  

 

Figure 3: The accelerometer attached to the specimen and the impact hammer 

Figure 4 presents the measured response of the specimen due to five hammer 
impacts, where the acceleration is plotted over time (4a) and frequency (4b). The 
figure shows the response of the flexural modes of vibration of a disc-shaped 
specimen. The fast Fourier transform (FFT) is used to transform acceleration over 
time (4a) to acceleration over frequency (4b). The record time in figure 4a depends 
on the damping of the specimen. It is important to use a sufficiently long record 
time to not cut off the vibrations of the specimen before it has damped out. The 
record length can be reduced with increasing temperatures due to increased 
damping. In addition, the voltage range and amplification should be chosen so that 
the maximum peaks of the vibrations are not cut off. Figure 4b shows the first four 
flexural resonance frequencies (the peak amplitudes) excited by the impact 
excitation. The amplitude of the acceleration depends on the force of the impact. 
The resonance frequencies presented in Figure 4b can be used to apply the concept 
of RAS to estimate the material properties of asphalt concrete. 
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Figure 4: Measured response for an asphalt concrete specimen in time (a) and 
frequency domain (b) from five impacts 

2.2 Frequency response function measurements 
As mentioned earlier, the amplitude of the acceleration can be normalized by 
measuring the force of the impact. Figure 5 shows the measured force of each of the 
five impacts in time domain (5a) and frequency domain (5b). In similarity to the 
response, the FFT is used to transform the force over time to force over frequency. 
The recording of the measurements is initiated by using the impact of the hammer 
as a trigger. For this purpose a pre-trigger time is assigned to be sure to measure 
the complete load pulse (see Figure 5a). 

 

Figure 5: The applied load of five impacts in time (a) and frequency domain (b) 

The amplitude of the driving force (Figure 5b) and the amplitude of the response 
(4b) in frequency domain are used to determine FRFs according to the following 
equation,  

 ( ) ( )* *( ) ( ) ( ) ( ) ( )H f Y f X f X f X f= ⋅ ⋅   (1) 

where H (f) is the frequency response function, Y (f) is the measured acceleration, 
X (f) is the measured applied force and X*(f) is the complex conjugate of the 
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applied force. Figure 6 presents the five FRFs determined from the five measured 
responses and impacts (from figure 4 and 5). The five similar FRFs show the 
dynamic behavior of the asphalt concrete specimen independent of the applied 
force. Measurements of both the applied load and the resonance frequencies are 
often referred to as modal testing.  

 

Figure 6: FRFs determined from the measured response (Figure 4b) and force (Figure 
5b) of five impacts 

The determination of the material properties in this thesis have been based on 
averaged FRFs that are calculated from n number of measurements. The averaged 
FRF is calculated accordingly,  

 * *

1 1

1 1( ) ( ) ( ) ( ) ( )
n n

k k k k
k k

H f Y f X f X f X f
n n= =

   = ⋅ ⋅   
   
∑ ∑   (2) 

where n = 5 in the example presented in this chapter and k is the index of the 
impact number ranging from 1 to n. The averaging of the FRFs is performed in the 
complex domain for each frequency. The coherence function is often used as an 
indication of the quality of the averaged FRF. This function is a measure of the 
phase difference between the different measurements at each frequency. Thus, a 
value of one of the coherence function means that the phase difference between 
input and output is constant for the five (in this example) different impacts. The 
coherence function is calculated accordingly, 

2
* * *

1 1 1

1 1 1( ) ( ) ( ) ( ) ( ) ( ) ( )
n n n

k k k k k k
k k k

CF f X f Y f X f X f Y f Y f
n n n= = =

      = ⋅ ⋅ ⋅ ⋅      
      

∑ ∑ ∑     (3) 

where CF(f) is the coherence function, X*(f)∙Y(f) is the cross power spectrum, 
X(f)∙X*(f) is the auto power spectrum of the impulse and Y(f)∙Y*(f) is the auto power 
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spectrum of the response. Figure 7 presents the calculated coherence function 
based on the five measurements presented in this chapter.  

 

Figure 7: Coherence function determined from the measured response (Figure 4b) 
and force (Figure 5b) of five impacts 

2.3 Isotropic linear viscoelastic properties of asphalt concrete 
The isotropic linear viscoelastic behavior of asphalt concrete can be governed by 
two material parameters such as e.g. the complex stiffness modulus and complex 
Poisson’s ratio. These material properties are used as input to the design of 
pavements and are often used to calculate the complex shear modulus for rutting 
predictions of pavements. The material properties are expressed as complex 
numbers to describe the elastic and viscous behavior of asphalt concrete, where the 
phase angle (Φ) represents the relation between the viscous (imaginary part) and 
the elastic component (real part). The phase angle of asphalt concrete is therefore a 
measure of the intrinsic material damping. In conventional cyclic loading the phase 
angle can be quantified by the angular frequency and the measured time lag 
between the stresses and strains. In the case of resonance testing, the width of the 
resonance peaks and the amplitude of the FRFs are highly depending on the 
damping. The complex modulus (E*), the dynamic modulus (|E*|) and the phase 
angle are related according to the following relationships,  

 ' '' iE E iE E e φ∗ ∗= + = ⋅ , (4) 

 1 ''tan ( )
'

E
E

φ −= ,  (5) 

where E’ is the storage modulus representing the elastic component and E’’ is the 
loss modulus representing the viscous component.  

The material properties of asphalt concrete are frequency and temperature 
dependent due to the viscoelastic nature of the binder. Therefore, measurements of 
the material properties are performed at different temperatures and frequencies as 
illustrated through the dynamic modulus shown in Figure 8. The dynamic modulus 
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measured at 0.1 to 20 Hz and at six different temperatures is presented in this 
figure. 

 

Figure 8: Temperature and frequency dependency of the dynamic modulus of asphalt 
concrete 

Asphalt concrete is generally known to be a thermo-rheological simple material 
(Nguyen et al. 2009). This assumption enables shifting of the measured modulus in 
Figure 8 to a single curve, illustrated in Figure 9, which is valid for a specific 
reference temperature. The shifting is possible since a thermo-rheological simple 
material can have the same behavior (material properties) at low frequencies and 
low temperatures as at higher frequencies and higher temperatures, or vice versa. A 
shift factor can be calculated for each measurement temperature to shift the 
measured moduli so that it corresponds to performing the measurements at other 
frequencies at the specific reference temperature. The validity of the thermo-
rheological simple assumption can be controlled by plotting the results in e.g. a 
Cole-Cole diagram, Black diagram or a Wicket plot which are independent of the 
shift factors (Levenberg 2011). Cole-Cole diagrams are presented in the appended 
papers for each of the estimated master curves. The Williams-Landel-Ferry (WLF) 
relationship can be used to calculate the shift factors (αT) accordingly,  

 1

2

( )
log ( ) ref

T
ref

c T T
α T

c T T
− −

=
+ −

 (6) 

where c1 and c2 are material constants, T is the test temperature, and Tref is the 
reference temperature (Williams et al. 1955). The shifting is performed by 
multiplying the shift factors with the loading frequencies (f) to obtain reduced 
frequencies (fred) accordingly,  

 ( )Tred αf T f=  (7) 

The single curve presented in Figure 9 is the master curve, which describe the 
modulus over a range of frequencies and temperatures. The master curve is often 
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expressed by approximate relationships such as e.g. the sigmoidal function 
(Pellinen et al. 2003). However, there are several models that can be fitted to 
dynamic and complex modulus measurements to estimate master curves (Yusoff et 
al. 2011; Pritz 2003; Moon et al. 2013). The sigmoidal, the Havriliak-Negami (HN) 
and the 2S2P1D models have been applied in the appended papers in this thesis 
(Olard and Di Benedetto 2003; Havriliak and Negami 1966; Madigosky et al. 
2006).  

 

Figure 9: Shifted dynamic modulus of asphalt concrete to create a master curve at 10 
°C 

2.4 Characterizing material properties through FRFs 
Measured FRFs, presented in chapter 2.2 and Figure 6, provide the base needed to 
characterize isotropic linear viscoelastic properties of asphalt concrete specimens 
through modal testing. In addition to measured FRFs, theoretical FRFs need to be 
accurately calculated to extract information of the material properties from the 
measurements. In this thesis, the finite element method (FEM) has been applied to 
perform three-dimensional calculations of FRFs using the following equation of 
motion, 

 2
p

iF e φρω σ− −∇⋅ =u , (8) 

where ρ is the material density, ω is the angular frequency (ω = 2πf), u is the 
displacement vector,∇  is the vector operator (∇= [∂/∂X, ∂/∂Y, ∂/∂Z]), σ is the 
Cauchy stress tensor (σ  = C : ε), Fp is a point load, Φ is the phase of the cyclic load, 
ε is the strain tensor (ε = ½[(∇u)T +∇u]), C is the is the fourth-order stiffness 
tensor (including E* and v*) and ∇u is expressed accordingly, 
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 ∂ ∂ ∂ 
∂ ∂ ∂ ∇ =  ∂ ∂ ∂

 ∂ ∂ ∂ 
 ∂ ∂ ∂ 

u , (9) 

where (X, Y, Z) are the constant material (reference) coordinates and (u, v, w) are 
the global Cartesian components of the displacement vector. Details about the 
finite element model such as the mesh, geometry and positions of the applied load 
are explained for the specific specimens in the appended papers. 

Initial values of the complex modulus and complex Poisson’s ratio are assumed 
to be able to compute FRFs that can be compared to the measured FRFs (the 
forward problem). Thereafter, the complex modulus and complex Poisson’s ratio 
are adjusted iteratively until the computed FRFs match the measured ones (the 
inverse problem). This procedure requires the use of a model capable to account for 
the complex (elastic and viscous) behavior along with the temperature and 
frequency dependency of asphalt concrete. The following equations show the HN 
model including the shift factors applied to estimate the complex modulus and 
complex Poisson’s ratio master curves, 

 ( )0*( , )
1 ( ( ) )T

βα

E E
E ω T E

iωα T τ
∞

∞

−
= +

 + 
, (10) 

 ( )0*( , )
1 ( ( ) )T

βα

v v
v ω T v

iωα T τ
∞

∞

−
= +

 + 
. (11) 

where E0 and v0 are the low frequency values of the modulus and Poisson’s ratio, 
E∞ and v∞ are the high frequency values of the modulus and Poisson’s ratio, ω is the 
angular frequency, α governs the width of the loss factor peak, β governs the 
asymmetry of the loss factor peak, τ=1/ω0 is the relaxation time which describes 
the position of the loss factor peak along the frequency axis and where ω0 is the 
frequency at the loss factor peak (Hartmann et al. 1994). It is the parameter values 
of E∞, v∞, α, β and τ that are estimated through the optimization of the FRFs. The 
low frequency parameters E0 and v0 are assumed since realistic values of asphalt 
concrete do not affect the FRFs. As mentioned earlier there are several models that 
can be applied to accurately describe the frequency dependent complex modulus 
and complex Poisson’s ratio (Olard and Di Benedetto 2003; Pritz 1996; Pritz 2003). 
However, it is of great practical advantage to limit the number of parameters that 
needs to be estimated in the optimization process of the computed FRFs, since this 
reduces the computational time and facilitates the process of finding the global 
minimum. The optimization has been performed by using COMSOL® LiveLink™ 
for MATLAB®, where COMSOL® is used to compute the FRFs and MATLAB® 
enable the optimization of the FRFs through the patternsearch function 
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(LiveLink™ for MATLAB® User’s Guide 2013). The following objective function has 
been used to minimize the difference between the computed and measured FRFs. 

 
1

i i

i

i

N
M T

MNorm
i M

H H
Error H

H=

 −
 = ×
 
 

∑ , (12) 

where HMNorm is the normalized measured FRF used to weigh the frequencies 
around the resonances higher, HM is the measured FRF, HT is the theoretical FRF, 
N is the number of data points and i is the index of the data point. Figure 10 shows 
an example of a computed FRF that has been optimized to fit the measurements. 

 

Figure 10: Example of measured and computed FRF of the longitudinal mode type of a 
beam shaped asphalt concrete specimen 

2.5 Materials 
The measurements presented in the appended papers have been performed to 
asphalt concrete specimens of different shapes and mixture designs. Beam shaped 
specimens were tested in Paper I, II and V, cylindrical specimens were tested in 
paper III and paper IV, and a disc-shaped specimen was tested in paper VI. Details 
of the materials used in this thesis are presented in each of the appended papers. 

2.6 Non-destructive quality control of pavements 
The above presented modal testing to estimate master curves of asphalt concrete 
specimens can be directly linked to surface wave testing of pavements (Ryden 
2004). Surface wave testing can be used to estimate the stiffness and thickness of 
the different layers in a pavement construction (Nazarian 1993; Nazarian 1999; 
Ryden 2004). This is performed by measuring the phase velocity of dispersive 
guided Lamb waves generated by applying a load impulse to the surface of the 
pavement structure according to Figure 11. Due to the free surface and the different 
layers of a pavement structure, guided waves (surface waves) are formed when 
compression and shear waves interact at the interfaces of the different layers. The 
propagation of guided Lamb waves is depending on the stiffness and thickness of 
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the different layers making them useful for characterization of pavement 
structures. The guided Lamb waves are dispersive which means that the phase 
velocity of the propagating waves is frequency dependent. The relation between 
phase velocity and frequency can be described by dispersion curves. The stiffness 
and thickness of the layers in a pavement structure are estimated by solving the 
forward and inverse problem. Theoretical dispersion curves are calculated and 
iteratively matched against the measurements until the adjusted theoretical layer 
model provides dispersion curves that match the measured ones.  

 

Figure 11: Surface wave testing of pavements illustrating the measurement procedure 
(a) and the measured phase velocity (b) (Ryden et al. 2004) 

Results from non-destructive field measurements of pavements can be directly 
linked to laboratory modal testing since the material is subjected to approximately 
the same loading frequency and strain levels in both the field and laboratory 
measurements. As an example, a modulus measured at any temperature in the field 
can be directly compared to a master curve that has been estimated through modal 
testing of a laboratory produced specimen. This allows for non-destructive quality 
control and quality assurance of new and old pavement constructions. The surface 
wave testing of pavements has been developed by using accelerometers to measure 
the phase velocity. Recent work has presented an application of microphones to 
enable future field measurements that can be performed faster by continuously 
moving over the pavement (Bjurström et al. 2014).    
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Figure 12 illustrates the use of a master curve as a tool for quality control and 
quality assurance of pavements. In this example, a master curve has been 
determined through modal testing and upper and lower limits of the dynamic 
modulus are determined by the design requirements of the pavement. By 
performing surface wave measurements at any temperature within the presented 
interval and at the frequency of 500 Hz, the resulting dynamic modulus can be 
compared to the laboratory determined master curve and to the design 
requirements. 

 

Figure 12: Non-destructive quality control of pavements through surface wave testing 
and laboratory modal testing 
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3 Repeatability of resonance frequency testing 
In addition to the work presented in the appended papers, a number of 
measurements have been performed to investigate and demonstrate the 
repeatability of impact resonance testing of asphalt concrete. The findings from 
these measurements are aimed to facilitate the practical implementation of this 
testing technique by highlighting some important aspects of the test. All 
measurements presented in this chapter have been performed to a cylindrical disc-
shaped specimen.  

3.1 Effect of impact force and accelerometer attachment 
A study was conducted by investigating if the force of the impact affects the 
amplitude and the resonance frequencies of the FRFs. The measurements were 
performed by applying light and hard impacts exciting the flexural modes of 
vibration at room temperature. Firstly, three series of five light impacts were 
applied, which were followed by three series of five hard impacts. Averaged FRFs 
were calculated for each series. Figure 13 and 14 present the magnitude of the force 
for one series of five light impacts and one series of five hard impacts, respectively.  

 

Figure 13: Magnitude of the applied force through light impacts 
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Figure 14: Magnitude of the applied force through hard impacts 

The results of the six averaged FRFs presented in Figure 15 shows a good 
repeatability. Neither the resonance frequencies nor the amplitude seems to 
depend significantly on the magnitude of the applied load at the strain levels 
generated by these impacts. Note that the accelerometer was attached carefully 
once and not reattached during the measurements. 

 

Figure 15: Effect of light (1 to 3) and hard impacts (4 to 6) to FRFs of the flexural 
modes of vibration 

The effect of a poorly attached accelerometer was also studied. Figure 16 
presents six averaged FRFs, where the accelerometer has deliberately been 
attached lightly and/or not perfectly aligned with the surface. Each FRF has been 
averaged from five impacts of the same accelerometer attachment. The figure 
indicates that the resonance frequencies are less affected of the poor attachment 
compared to the amplitude of the FRFs. Especially the two higher modes of 
vibration and the higher frequency range show significant variations of the 
amplitude. This study demonstrates that it is very important with a good bond to 
the specimen and to perform a proper attachment of the accelerometer. Additional 
results of this effect are presented in section 3.3 where measurements have been 
performed by different operators. 
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Figure 16: Effect of a poorly attached accelerometer to FRFs of the flexural modes of 
vibration 

3.2 Repeating the attachment of the accelerometer 
In this study, the accelerometer was carefully attached and removed five times to 

investigate if attaching and removing the accelerometer from the specimen affects 
the measurements. Each series, including five impacts, were followed by removing 
and reattaching the accelerometer before the next series. The flexural modes of 
vibration of a cylindrical disc-shaped asphalt concrete specimen were excited at 20 
°C. The reattachments and the excitations were performed by the same operator. 
Table 1 shows the results of the fundamental flexural resonance frequency. The 
table presents the standard deviation (SD) in hertz and the relative standard 
deviation (RSD) in percent for each impact number and for each attachment. The 
SD and RSD (the absolute value of the coefficient of variation) are also calculated 
from the averages of the impacts and the attachments. It can be seen in Table 1 that 
the SD and RSD are lower for the five impacts of the same attachment compared to 
the SD and RSD of the five different attachments. Although it is clear that the 
attachment has an effect on the resonance frequency measurements, the RSD has a 
maximum value of 0.1 % which is still very low. It should be noted that with the 
sampling rate of 500 kHz (max frequency = 250 kHz) and the FFT size of 500 000 
(frequency bins = 250 000), the frequency resolution becomes 1 Hz in these 
measurements. 
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Table 1: Effect of repeating the accelerometer attachment to the fundamental 
resonance frequency 

Impact 
nr. 1 2 3 4 5 Average 

SD 
(Hz) 

RSD 
(%) 

Attach. 1 4791 4791 4792 4794 4794 4792.4 1.52 0.03 

Attach. 2 4779 4784 4782 4784 4783 4782.4 2.07 0.04 

Attach. 3 4789 4786 4787 4788 4787 4787.4 1.14 0.02 

Attach. 4 4785 4789 4788 4790 4788 4788.0 1.87 0.04 

Attach. 5 4790 4791 4787 4791 4788 4789.4 1.82 0.04 

Average 4786.8 4788.2 4787.2 4789.4 4788 4787.9 1.01 0.02 

SD (Hz) 4.92 3.11 3.56 3.71 3.94 3.64 
 

RSD (%) 0.1 0.07 0.07 0.08 0.08 0.08 

 

Figure 17 presents the averaged FRFs measured in this study, where each 
averaged FRF are based on five impacts in each series. The figure shows that the 
amplitude of the FRFs appears to be more affected by the reattachment of the 
accelerometer than the resonance frequencies. Table 2 presents the values of the 
attachment study for the measured FRFs shown in Figure 17, where the SD and 
RSD of the amplitude and the resonance frequencies have been calculated for the 
three first flexural resonance frequencies. 

 

Figure 17: Averaged FRFs of five different accelerometer attachments 
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The RSD of the resonance frequencies of the FRFs show values in the same low 
magnitude as the study of the resonance frequencies of the response only. 
However, larger RSD values are shown for the amplitude of the FRFs.  

Table 2: Effect of repeating the accelerometer attachment to FRFs 

Attachment 1 2 3 4 5 Average SD 
RSD 
(%) 

1st resonance 4801 4783 4791 4791 4792 4791.5 6.27 0.13 

1st amplitude 13.86 13.39 13.91 13.31 13.24 13.55 0.32 2.35 

2nd resonance 9630 9652 9628 9631 9628 9633.7 10.11 0.10 

2nd amplitude 15.47 15.11 15.97 15.80 15.64 15.60 0.33 2.13 

3rd resonance 14737 14741 14712 14717 14717 14725.0 13.48 0.09 

3rd amplitude 16.91 15.55 16.30 16.55 16.31 16.32 0.50 3.04 

3.3 Measurements performed by different operators 
The effect of different operators was investigated by letting people with no earlier 
experience of resonance frequency measurements perform the measurements. 
After a brief (~5 minutes) introduction and demonstration by the author, the 
unexperienced operators were supposed to attach the accelerometer to the 
specimen and apply five impacts each. The resulting FRFs from the five operators 
are shown in Figure 18. There are clear differences between the different operators 
regarding the amplitude of the second and third resonance frequency. The 
resonance frequencies showed a good agreement between the operators with one 
exception for the third resonance frequency.  

 

Figure 18: Averaged FRFs of the five operators. Each operator attached the 
accelerometer before applying five impacts 
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Table 3 present the measured values of the frequencies and amplitudes for the 
three first flexural resonance frequencies. The RSD of the resonance frequencies 
show that the third resonance stands out from the others. The RSD of the 
amplitudes increases considerably with increasing frequencies. 

Table 3: Results of five different operators attaching and applying five impacts to 
excite the flexural modes of vibration of the disc-shaped asphalt concrete specimen 

Operator 1 2 3 4 5 Average SD 
RSD 
(%) 

1st resonance 4816 4826 4811 4815 4811 4816 6.18 0.13 

1st amplitude 14.08 12.94 13.31 12.71 13.70 13.35 0.55 4.14 

2nd resonance 9687                 9666 9648 9644 9678 9665 18.48 0.19 

2nd amplitude 15.72 16.24 17.76 15.59 21.14 17.29 2.32 13.42 

3rd resonance 14792 14802 14809 14747 14527 14735 119 0.81 

3rd amplitude 16.49 19.39 22.26 16.13 26.65 20.18 4.38 21.71 

 

Based on the earlier results of the effect of a poorly attached accelerometer it was 
identified that this might be an influence to the deviations shown in Figure 18 and 
Table 3. Therefore, another study was performed by carefully attaching the 
accelerometer once, which was followed by five different operators applying five 
impacts each to the specimen. These results are presented in Figure 19 and show a 
better agreement between the operators.  

 

Figure 19: Averaged FRFs of the five operators. The author attached the 
accelerometer and each operator applied five impacts without changing the position 
of the accelerometer 
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Table 4 presents the averages, the SD and the RSD of the frequencies and 
amplitudes of the three first flexural resonance frequencies. The second and the 
third resonance frequency show an improved repeatability for both resonances and 
amplitudes of the FRFs compared to the results in Table 3. As mentioned earlier it 
is important with a proper attachment of the accelerometer when performing these 
kinds of measurements. Therefore some training of attaching the accelerometer is 
recommended for new operators that will perform this kind of testing. However, 
the most essential aspect to avoid errors is to simply be careful when attaching the 
accelerometer and to control that the accelerometer is properly attached. 

Table 4: Results of five different operators applying five impacts to excite the flexural 
modes of vibration of the disc-shaped asphalt concrete specimen 

Operator 1 2 3 4 5 Average SD 
RSD 
(%) 

1st resonance 4784 4778 4776 4777 4779 4779 3.11 0.07 

1st amplitude 13.51 13.19 12.24 13.00 13.94 13.18 0.63 4.80 

2nd resonance 9605 9593 9600 9594 9571 9593 13.26 0.14 

2nd amplitude 15.58 15.18 13.84 14.75 15.38 14.95 0.69 4.60 

3rd resonance 14660 14665 14696 14674 14643 14668 19.48 0.13 

3rd amplitude 15.27 15.11 13.96 14.96 15.95 15.05 0.71 4.74 

3.4 Position of the accelerometer and the impact 
The effect of the position of the accelerometer and the impact on a cylindrical disc-
shaped asphalt concrete specimen was investigated for the flexural and 
longitudinal modes of vibration. Small variations in geometry and possible 
inhomogeneity within the specimen may introduce differences to these resonance 
frequency measurements. The different positions of the accelerometer are 
illustrated in Figure 20. The excitation of the flexural modes of vibration was 
performed by applying the impact to the opposite position of the accelerometer, 
e.g. an impact in position 5 for accelerometer position 1 and so on. The longitudinal 
modes of vibration were excited in the middle of the specimen while moving the 
accelerometer around the eight different positions.  
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Figure 20: Positions of the accelerometer on the cylindrical specimen 

Figure 21 shows the measured FRFs of the flexural modes of vibration measured 
at eight different positions. The resonance frequencies seem to be less affected by 
the position compared to the amplitude in this figure. Table 5 shows the values of 
the frequencies and amplitudes of the three first resonances frequencies. Also in 
this study there are higher values of the RSD for the amplitude compared to the 
resonance frequencies.   

 

Figure 21: FRFs of the flexural modes of vibration due to eight different positions of 
the accelerometer 

The results presented in Figure 21 and Table 5 can be compared to the study of 
repeating the accelerometer attachment in chapter 3.2 (Figure 17 and Table 1 and 
2). Such a comparison indicates how much the reattachments of the accelerometer 
contribute to the variations and how much the position of the measurements 
affects the variations.  
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Table 5: Different position of the accelerometer and the impacts of the flexural modes 
of vibration 

Position 1 2 3 4 5 6 7 8 Aver
age SD RSD 

(%) 

1st 
resonance 4796 4755 4754 4755 4772 4730 4760 4732 4757 21.2 0.45 

1st 
amplitude 13.63 15.39 14.24 14.79 13.12 15.63 13.69 14.20 14.34 0.88 6.12 

2nd 
resonance 9621 9558 9529 9522 9571 9527 9466 9478 9534 50.0 0.52 

2nd 
amplitude 16.33 18.45 13.79 16.37 16.01 17.24 17.36 16.71 16.53 1.35 8.16 

3rd 
resonance 14709 14649 14668 14631 14630 14613 14574 14530 14626 55.24 0.38 

3rd 
amplitude 17.39 19.82 14.66 16.91 16.08 18.52 17.24 16.41 17.13 1.56 9.01 

 

Figure 22 shows the results of the different accelerometer positions of the 
longitudinal modes of vibration and Table 6 present the frequency and amplitude 
for the fundamental resonance frequency. Also in this case, the amplitude of the 
FRFs is more affected by the different positions than the frequency of the 
fundamental longitudinal mode of vibration.  

 

Figure 22: FRFs of the longitudinal modes of vibration due to eight different positions 
of the accelerometer 
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Table 6: Different position of the accelerometer and the impacts of the longitudinal 
modes of vibration 

Position 1 2 3 4 5 6 7 8 Average SD RSD 

Frequency 7474 7472 7393 7423 7474 7456 7450 7438 7448 28.6 0.38 

Amplitude 8.69 9.38 9.24 8.87 7.94 7.49 9.15 9.09 8.73 0.67 7.70 

 

3.5 Summary of the repeatability studies 
The resonance frequencies show low values of the RSD throughout all of the 
repeatability studies. However, the amplitude is consequently showing higher 
values of the RSD for the different studies. The dominating elastic component 
(storage modulus) of the complex modulus is mostly depending on the resonance 
frequencies while the smaller viscous component (loss modulus) is governed by the 
amplitude. The accuracy of the dynamic modulus is therefore reflected by the good 
repeatability of the resonance frequencies while the loss modulus (e.g. phase angle 
and damping) is more sensitive to the factors showed to affect the amplitude. To 
conclude, measurements of resonance frequencies measurements can be 
performed by unexperienced operators and still provide repeatable values of the 
dynamic modulus. To obtain a high repeatability of the phase angle, care must be 
taken when attaching the accelerometer and the position of the impact and 
accelerometer may affect these results. Studies as presented in chapter 3.2 and 3.4 
may be used in the future to estimate a magnitude of the error that comes from 
measuring an actual specimen (heterogeneous to some degree) in comparison to a 
truly homogenous modelled specimen. 
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4 Summary of appended papers 
This thesis is based on six papers which are presented in an order reflecting the 
steps taken to develop and apply the resonance and modal testing to characterize 
asphalt concrete. This chapter presents a brief summary of each appended paper 
while the following chapter 5 summarizes the key figures and findings of the six 
papers appended in this thesis.  

Paper I: Application of resonant acoustic spectroscopy to asphalt concrete beams 
for determination of the dynamic modulus 

In this paper, resonant ultrasound spectroscopy was applied to asphalt concrete 
to study the potential to determine the complex modulus for several measured 
resonance frequencies. Resonance frequency measurements were performed by 
measuring the responding vibration of the specimens due to a hammer impact. 
Numerical calculations based on minimizing the Lagrangian and the Rayleigh-Ritz 
approximation is applied to solve the forward problem of calculating the natural 
frequencies. This is followed by the inverse problem where the elastic constants are 
adjusted iteratively until a good match between calculated and measured resonance 
frequencies are obtained. The complex modulus was derived for three resonance 
frequencies per temperature and mode type for the studied beam shaped 
specimens. Although this was an improvement to earlier reported resonance 
frequency measurements, binder shift factors were still needed to accurately 
determine the master curves due to the limited temperature and frequency range 
covered in these tests.  

Paper II: Characterizing the low strain complex modulus of asphalt concrete 
specimens through optimization of frequency response functions 

The gained knowledge from paper I showed that the complex modulus needed to 
be characterized over a wider frequency range at each measurement temperature. 
For this purpose, frequency response functions (FRFs) were determined by 
measuring both the applied impact force and the responding vibration of the 
specimen. The FRFs adds an additional input to the complex moduli 
characterization in terms of the amplitude of the measured frequency response. 
The finite element method was used to compute theoretical FRFs that were 
optimized against the amplitudes and frequencies of the measured FRFs to derive 
the complex modulus and Poisson’s ratio over a wide frequency range. The fitting 
of the amplitude gives a direct estimation of the damping properties (hence the 
complex moduli) in contrast to only matching resonance frequencies. The approach 
of optimizing FRFs was compared to the application of RAS used in paper I. The 
developed method based on FRFs showed an improved accuracy of estimating the 
damping compared to the application of RAS to asphalt concrete. Furthermore, 
master curves of the complex modulus were determined by only applying modal 
testing to the specimen. 
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Paper III: Comparing linear viscoelastic properties of asphalt concrete 
measured by laboratory seismic and tension-compression tests 

In this paper the modal test method presented in paper II and conventional 
tension-compression test were performed to a cylindrical asphalt concrete 
specimen. The complex moduli and the complex Poisson’s ratio determined from 
the two test methods were compared. The master curves of the complex moduli and 
complex Poisson’s ratio are determined at lower strain levels in the modal test 
method (maximum ~10-7) compared to the tension-compression testing (50∙10-6). 
As expected, the modal testing resulted in a slightly higher dynamic modulus where 
the strain level dependency of the asphalt concrete was seen to increase with 
increasing temperatures. However, the complex Poisson’s ratio of the two test 
methods showed large differences that could not be explained except for that the 
tension-compression determined complex Poisson’s ratio could not match the 
measured FRFs. 

Paper IV: Complex modulus and complex Poisson’s ratio from cyclic and 
dynamic modal testing of asphalt concrete 

Due to the observed differences between the Poisson’s ratio of the modal and the 
conventional tension-compression testing presented in paper III, further 
comparisons between the two methods and Poisson’s ratio were performed in this 
paper. This comparison was extended to include eight different specimens of two 
different mixes including the mix tested in paper III. Modal testing was performed 
to two cylindrical specimens of different mixes and compared to previously 
tension-compression tested specimens. Hence, the comparison between the two 
testing methods is based on results from different specimens in this paper. The 
complex modulus and complex Poisson’s ratio that were characterized through the 
modal test showed consistent results to the previous measurements presented in 
paper III. However, the new tension-compression results showed different values 
of the complex Poisson’s ratio compared to the tension-compression measurements 
performed in paper III. The new tension-compression determined Poisson’s ratio 
agreed well with the modal testing determined complex Poisson’s ratio. It was 
concluded that the modal testing and tension-compression measurements results 
in similar values of the complex Poisson’s ratio while the dynamic modulus of the 
modal test becomes slightly higher than the conventional testing due to the strain 
level dependency of asphalt concrete. 

Paper V: Observed deviations from isotropic linear viscoelastic behavior of 
asphalt concrete through modal testing 

The modal testing developed in paper II was used to measure E*, v* and G* of a 
beam shaped asphalt concrete specimen by exciting the longitudinal, flexural and 
torsional modes of vibration. The measurements were performed to the same 
specimen to investigate the validity of isotropic linear viscoelastic theory to asphalt 
concrete. Unlike previous conventional testing of E* and G* performed to asphalt 
concrete, the modal testing does not introduce any differences in the test 
conditions (such as e.g. boundary conditions, set-up, and specimens) between the 
characterization of E* and G*. This enables a direct study of the different material 
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behavior without a need to account for possible differences in the test equipment as 
in the case of the conventional testing. The results indicated that the asphalt 
concrete specimen agreed with the isotropic linear viscoelastic assumption at low 
temperatures and high frequencies (>10 kHz at 0 °C). However, at higher 
temperatures and lower frequencies, deviations from the isotropic linear 
viscoelastic behavior were observed. An overestimation of the dynamic shear 
modulus and Poisson’s ratio values above 0.5 were obtained at the low frequency 
and high temperature range when these material properties were calculated 
according to isotropic linear viscoelastic theory.  

Paper VI: Non-contact excitation of fundamental resonance frequencies of an 
asphalt concrete specimen 

In this paper, the possibility to excite an asphalt concrete specimen through non-
contact excitation was studied. The fundamental longitudinal resonance frequency 
of a disc-shaped asphalt concrete specimen was measured by using a speaker to 
perform the non-contact excitation. The non-contact excitation enabled automated 
measurements at different strain amplitudes without disturbing the temperature of 
the asphalt concrete. The effect of damage to the fundamental resonance frequency 
of an asphalt concrete specimen could therefore be investigated. Neither the 
undamaged nor the damaged asphalt concrete specimen showed any strain level 
dependency at the applied strain levels (maximum ~0.26 micro-strains). However, 
the damaged specimen showed a drop in resonance frequency compared to the 
resonance frequency of the undamaged state. Continuous measurements over time 
of the damaged specimen revealed a recovery (healing) of the resonance frequency 
towards the frequency of the undamaged state. The results of this non-contact 
approach demonstrated an accuracy which opens up the possibility for future 
studies of damage, fatigue, and healing with a precision that has not been possible 
before. 
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5 Summary of results and discussion 
Paper I shows that an application of RAS can be used to characterize the 

complex modulus of asphalt concrete. However, RAS only provide a sparse amount 
of data at each temperature since the derivation of the modulus is limited to the 
first few resonance frequencies. Furthermore, the damping properties need to be 
estimated by an additional approach such as e.g. the half-power bandwidth 
method, which may reduce the accuracy of the complex modulus in the case of high 
intrinsic damping. The optimization of FRFs developed in Paper II overcomes these 
problems and can provide accurate values of the complex modulus (including 
damping) over a wide and fine sampled frequency range. Figure 23 presents the key 
results of Paper I and Paper II, where the RAS and FRFs characterized complex 
moduli at different measurement temperatures are compared. The presented 
master curve is determined through the FRF optimization approach. 

 

Figure 23: Complex modulus of a beam shaped asphalt concrete specimen determined 
through RAS (paper I) and optimization of FRFs (paper II) 
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Figure 23a show that the two approaches results in very similar dynamic moduli, 
while the phase angle presented in Figure 23b indicate small differences between 
the RAS and FRF determined moduli at higher temperatures and lower 
frequencies. The differences between the two approaches are more clearly shown in 
the Cole-Cole diagram presented in Figure 23c, where results from the low 
frequency and high temperature range are emphasized. The Cole-Cole diagram 
show that the loss moduli estimated through RAS deviates from the FRF estimated 
loss moduli when the intrinsic damping increases due to increasing temperatures. 
The half-power bandwidth method applied in the application of RAS has been 
shown to be sufficiently accurate only as long as the damping ratio is below 
approximately 0.1, corresponding to a phase angle of approximately 11 ° (Wang et 
al. 2012). In this case, the complex moduli of the two approaches start to deviate at 
a phase angle of approximately 10 °, which indicates a reduced accuracy of the half-
power bandwidth method. The Cole-Cole diagram presented in Figure 23c is an 
indication of the accuracy of the estimated master curve due to that it is 
independent of the calculated shift factors. Therefore, a unique curve is expected 
for the complex moduli determined for each temperature if the assumption of a 
thermo-rheological simple material holds. The estimated loss and storage moduli 
(complex moduli) at each temperature follow the unique master curve in Figure 
23c. 

The modal testing and optimization of FRFs are compared to conventional 
tension-compression testing in paper III and IV. Figure 24 shows the results of the 
complex moduli measured and presented in these papers for one of the mixtures. 
The tension-compression results of three different specimens show consistent 
results in all three subplots which include the dynamic moduli (Figure 24a), the 
phase angle (Figure 24b) and a Cole-Cole diagram presenting the loss and storage 
moduli (Figure 24c). Also, the modal testing of two measured specimens show 
consistent results in all three subplots. Note that the specimen GB3 (s.3) has been 
tested by both tension-compression and modal testing. The master curves enable a 
detailed comparison of the two test methods over a wide frequency range even 
though the modal testing is performed at higher frequencies compared to the 
tension-compression tests. The difference between the dynamic moduli and phase 
angle (Figure 24a and 24b) of the two test methods is believed to be due to the 
strain level dependency of asphalt concrete. This difference was seen to be smaller 
at high frequencies and low temperatures and to increase with increasing 
temperatures and decreasing frequencies 
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Figure 24: Complex modulus determined through modal and tension-compression 
testing of cylindrical asphalt concrete specimens 

Figure 25 shows the modal and tension-compression determined complex 
Poisson’s ratio of the same specimens as presented in Figure 24. It is clear that the 
tension-compression determined Poisson’s ratio of the specimen labeled TC-GB3 
(s.3) differs from all other tension-compression and modal test results of the 
complex Poisson’s ratio. The most likely reason for this is that there have been 
some measurement errors in this conventional test. The deviation is an example of 
the sensitivity of the conventional test set-up. Very small measurements errors 
have a relatively large effect on the Poisson’s ratio. For example, a ∼0.4μm change 
of the specimen diameter corresponds to a change of Poisson’s ratio with ~0.1, 
which is approximately the difference shown in Figure 25a. The difference between 
the Poisson’s ratio of the two specimens characterized through modal testing comes 
from that different amount of parameters in the applied HN model were optimized 
to match the theoretical and measured FRFs. In the case of the specimen measured 
in paper III (GB3 (s.3)), the estimated parameters (α, β and τ) of the complex 
modulus were also applied to the complex Poisson’s ratio. However, it was 
observed in paper IV that a diffrent value of the relaxation time (τ) for Poisson’s 
ratio may in some cases improve the fit between measured and theoretical FRFs as 
the temperatures increases. The complex Poisson’s ratio of the specimen labeled 
FRF long. – GB3 (s.3) in Figure 25 has been estimated using the τ of the complex 
modulus, while the specimen labeled FRF long. – GB3 (s.4) has been estimated 
with a different value of τ for Poisson’s ratio in the HN model. The characterized 
complex Poisson’s ratio of the modal testing using a specific value of τ for Poisson’s 
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ratio show a good agreement with the Poisson’s ratio determined through the 
tension-compression testing.  

 

Figure 25: Complex Poisson’s ratio determined through modal and tension-
compression testing of cylindrical asphalt concrete specimens 

The developed modal testing provides new opportunities to accurately study the 
behavior of asphalt concrete. Therefore, the modal testing was applied to a beam-
shaped specimen in Paper V to study if the commonly assumed isotropic linear 
viscoelastic behavior of asphalt concrete is valid over a wide frequency range. 
Previous measurements to investigate the validity of this relation have shown 
discrepancies from isotropic linear viscoelastic behavior. However, different 
specimens for the shear and Young’s modulus measurements have been required in 
most of these different conventional tests (Christensen et al. 2003; Saadeh et al. 
2003). The complex shear modulus determined through the torsional modal 
testing is presented in Figure 26 along with the complex shear moduli calculated 
from the measured complex Young’s moduli and Poisson’s ratio. The results in 
Figure 26 show that the isotropic linear viscoelastic behavior is valid at higher 
frequencies and lower temperatures but not at higher temperatures and lower 
frequencies. Figure 26 also shows that a dynamic shear modulus calculated 
according to linear viscoelastic theory from the measured complex Young’s 
modulus and Poisson’s ratio is overestimated at temperatures and frequencies that 
pavements normally are exposed to. 
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Figure 26: Measured and calculated complex shear modulus of a beam-shaped asphalt 
concrete specimen 

Figure 27 show a similar discrepancy between the measured and calculated 
complex Poisson’s ratio. The calculated Poisson’s ratio based on the measured 
Young’s and shear moduli agrees with the measured Poisson’s ratio at higher 
frequencies. However, at lower frequencies the Poisson’s ratio deviates from the 
measurements and eventually exceeds 0.5. These results of the discrepancy from 
isotropic linear viscoelastic theory presented here confirm the results of earlier 
conventional testing. 
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Figure 27: Measured and calculated complex Poisson’s ratio of a beam-shaped asphalt 
concrete specimen 

Figure 28 presents the normalized complex Young’s moduli determined from the 
longitudinal and flexural modes of vibration measurements. The normalized 
complex shear moduli determined from the torsional modes of vibration are also 
presented in this figure. Figure 28 shows that the phase angle and the damping of 
the shear moduli are higher than the Young’s moduli at the lower frequency range 
and higher temperatures. The increasing deviation between the complex shear and 
complex Young’s moduli as the frequencies decreases seems to be a reason to the 
discrepancies from isotropic linear viscoelastic behavior.  
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Figure 28: Normalized complex modulus master curves of the flexural, longitudinal 
and torsional modes of vibration 

Measurements of resonance frequencies can also be applied to study nonlinear 
properties such as damage, healing and fast and slow dynamics (Payan et al. 2014). 
Nonlinear resonant ultrasound spectroscopy (NRUS) was therefore applied to a 
disc-shaped asphalt concrete specimen in Paper VI. Figure 29 presents the 
fundamental longitudinal resonance frequency of the specimen excited by both an 
impact hammer and by a speaker. The use of the speaker enabled non-contact 
excitation of the specimen at different automatically controlled drive levels and the 
measurements could be performed without opening the door to the climate 
chamber. This eliminated any disturbances to the temperature when measuring 
small possible changes of the resonance frequency due to nonlinear effects. Figure 
29 show that both the hammer and speaker excitation of an undamaged asphalt 
concrete specimen resulted in the same resonance frequency. Also, the resonance 
frequency of the undamaged specimen did not change with increasing drive 
amplitudes. Consequently, a linear behavior was observed at these strain levels 
were the maximum strain level was approximated to ~0.26 micro-strains. 
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Figure 29: The fundamental longitudinal resonance frequency excited at different 
strain amplitudes before damage 

Figure 30 show results of measurements performed after a small damage was 
induced by applying several hard impacts with a ~0.055 kg hex key to the asphalt 
concrete specimen. The damage caused a drop in the resonance frequency 
(compare to Figure 29) but no strain level dependency was seen from the speaker 
excitation at different drive amplitudes. However, a small difference between the 
resonance frequency excited by the hammer and speaker can be observed in this 
figure which may indicate nonlinearity. 

 

Figure 30: The fundamental longitudinal resonance frequency excited at different 
strain amplitudes after damage 

Potential healing or slow dynamics effects were studied by repeating the speaker 
frequency sweeps at several different times after the damage was induced. These 
measurements showed a systematic recovery of the resonance frequencies towards 
the initial resonance with increasing time. Figure 31 presents the resonance 
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frequency measured before damage and at four different times after the damage 
was induced. The measured recovery may be due to healing of the asphalt concrete 
specimen or due to slow dynamics, where the recovery to the equilibrium state may 
last for days. However, since the degree of damage was not measured it is difficult 
to separate these effects. A comparison of these presented results of the asphalt 
concrete specimen can be made to rubber, where measurements showed large slow 
dynamics effects while no strain level dependency was observed (Haller and 
Hedberg 2006). This novel application of a speaker demonstrates the accuracy and 
truly non-destructive nature of non-contact resonance testing, which enables 
studies of nonlinear parameters such as e.g. damage, healing, aging and slow 
dynamics with a new level of precision. 

 

Figure 31: Recovery of the fundamental longitudinal resonance frequency excited by a 
speaker 
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6 Conclusions 
The resonance frequencies of asphalt concrete specimens can be measured with 
very good repeatability. Therefore, resonance and modal testing can be used to 
characterize material properties of asphalt concrete with high accuracy. However, 
care should be taken when attaching the accelerometer so that a good bond to the 
sample is obtained.  A poor bond between the accelerometer and the sample can 
affect the accuracy of the measured amplitude of the FRFs. 

The application of RAS to asphalt concrete beams has shown that the complex 
modulus can be characterized for multiple modes of vibration at each testing 
temperature. However, by optimizing FRFs an increased accuracy of the complex 
moduli is obtained due to the improved estimation of the damping. In addition, 
measuring and calculating FRFs enable material characterization over a sufficiently 
wide frequency range to determine master curves by only applying modal testing.  

The comparison between the modal testing and the conventional cyclic loading 
show that the lower strain levels applied in the modal testing gives higher dynamic 
moduli and lower phase angle than the conventional measurements. The strain 
level does not seem to have a significant effect on the complex Poisson’s ratio since 
the two test methods results in similar values. However, it was observed that an 
accurate characterization of the complex Poisson’s ratio is more challenging than 
determining the moduli. Modal testing in combination with conventional tests can 
be used to extend the material characterization over a wider range of frequencies 
and strain levels. This may increase the knowledge of the nonlinear behavior of 
asphalt concrete. Although, the modal testing have several advantages compared to 
the conventional testing such as cost and time, it may not be possible to 
characterize the material properties at the lowest frequencies of the conventional 
testing. The modal testing is also performed at lower strain levels compared to 
what an actual pavement are exposed to. 

The results of the discrepancy from isotropic linear viscoelastic theory confirmed 
results of earlier measurements. However, the modal testing does not introduce 
any differences in the test conditions between the complex Young’s modulus and 
complex shear modulus unlike some of the previous conventional measurements 
performed to asphalt concrete. Therefore, the comparison can be focused only on 
different material behavior instead of accounting for possible differences in the test 
equipment. In addition, the measurements are performed to the same specimen. 
The differences in the damping properties between the complex Young’s moduli 
and complex shear moduli at higher temperatures and lower frequencies may be a 
reason to the observed deviations from isotropic linear viscoelastic theory. An 
overestimation of the dynamic shear modulus is made for the asphalt concrete 
specimen at high temperatures when calculated from the measured Young’s 
modulus and Poisson’s ratio.  
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Non-contact excitation of the resonance frequencies of asphalt concrete 
specimens can be performed through the use of a speaker. Impact and speaker 
excited resonance frequencies at different strain amplitudes were shown to give 
similar results for the undamaged asphalt concrete specimen. Damage in the 
asphalt concrete specimen was identified by a drop of the resonance frequency, but 
no nonlinear fast dynamics was observed. However, a recovery of the resonance 
frequency was measured over time for the damaged asphalt concrete specimen. 
This recovery may be due to healing or slow dynamics. These results demonstrate 
the possibility for new truly non-destructive applications to monitor damage and 
healing of asphalt concrete.  

To conclude, resonance frequency measurements are in contrast to conventional 
cyclic loading economic and simple to perform. Resonance and modal testing can 
provide an improved accuracy to the characterization of asphalt concrete which 
may lead to a better understanding of the mechanical material properties at low 
strain levels. The modal testing provide a link to surface wave testing of pavements 
which enable non-destructive quality control of new and old pavement 
constructions. 
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7 Recommendations and future work 
It is recommended to measure specimens with other gradations, binder, shapes 
and dimensions than those presented in this thesis. Such a study may help to find 
geometries that can be excited over extended frequency ranges to include more 
resonance frequencies which can simplify accurate estimation of the complex 
modulus and especially the complex Poisson’s ratio. In addition, the possibility to 
estimate and account for the magnitude of the error that comes from measuring an 
actual (heterogeneous) specimen in comparison to a truly homogenous modelled 
specimen could be further studied.  

Further studies of nonlinear measurements to asphalt concrete are of interest. 
The work presented in paper VI show that non-contact measurements of resonance 
frequencies is a promising method to detect damage and to study healing. This 
method can be further used to study healing of samples with a known degree of 
damage. These types of measurements are needed to be able to account for possible 
healing in future design procedures.  

The methodology presented in this thesis can be implemented for practical use 
in any laboratory aiming at testing asphalt concrete. The testing is easily performed 
and does not require expensive or heavy equipment. The main challenge for a 
successful implementation may be to compute and optimize the FRFs. However, 
measurements of FRFs performed in a laboratory could be combined with an 
application developed specifically to compute and optimize FRFs. The development 
of such an application could be a focus of future work to facilitate the 
implementation of the presented method.   
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Abstract In this paper, a new application of resonant

acoustic spectroscopy (RAS) is examined for con-

structing asphalt concrete mastercurves from seismic

testing. The frequency-dependent material properties

can be characterized from multiple modes of vibration

through the use of RAS. Beam-shaped asphalt spec-

imens are tested at multiple temperatures to determine

the resonance frequencies of the specimens. The

resonance frequencies are estimated by applying a

small load impulse and measuring the resulting

acceleration through the specimens. Using RAS, the

material properties of the specimens are determined

numerically using the measured resonance frequen-

cies. The results presented show that the frequency-

dependent dynamic modulus of the asphalt concrete

specimens can be characterized using several modes

of vibration at each testing temperature.

Keywords Resonant acoustic spectroscopy �
Resonance frequency � Dynamic modulus �
Mastercurve

1 Introduction

The dynamic modulus mastercurve describes the

material behavior as a function of temperature and

frequency and is therefore a key parameter in modern

pavement design and management. Traditional meth-

ods to determine the dynamic modulus mastercurve

for asphalt concrete are based on cyclic loading over a

range of frequencies (0.1–25 Hz) at different temper-

atures [1]. These tests are time consuming and require

expensive equipment and are therefore inappropriate

for control during construction. It is also important that

the testing is truly non-destructive so that the proper-

ties of the specimen do not change during the test.

Resonance frequencies depend on the geometry,

mass, boundary conditions and the material properties

of a solid and can therefore be used to calculate the

dynamic modulus. Measurements based on exciting

the resonance frequencies of elastic or viscoelastic

objects to determine the material properties are widely

known as resonant ultrasound spectroscopy (RUS).

Within the civil engineering field the method is also

known as free–free resonant column test or impact

resonance test. However, it should be noted that

traditional RUS is usually based on multiple modes of

vibration while applications in civil engineering have

so far mostly been restricted to the fundamental modes

of vibration.

Previous papers reporting the use of seismic testing

applied to asphalt concrete specimens have been based

on wave propagation techniques [6, 9], free–free
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resonant column test [16] and ultrasonic direct test

[17]. The material properties presented in these papers

have all been determined from the fundamental modes

of vibration. In RUS, unlike in the other methods, the

evaluation of the data is always based on numerical

methods to obtain the elastic properties of the material,

since a complete analytical solution of the problem

does not exist today. In fact the efficient and accurate

calculation of resonance frequencies of a solid is a

central requirement for the application of RUS [15].

Since the development of computer data processing,

the use of RUS within different applications has been

increasing and it is now a well-established method in

many fields for determination of material properties

[12, 18].

For measurements that are not only in the ultra-

sound frequency range ([20 kHz), it has been sug-

gested that the method should be called resonant

acoustic spectroscopy (RAS) [18]. Since material

properties of asphalt concrete at lower frequencies are

of key importance to pavement response analysis,

RAS is used in this paper.

Fundamental single mode testing on asphalt con-

crete has previously been investigated using ASTM

C215, which is a standard test method for concrete

specimens where the fundamental frequency of the

transverse, longitudinal and torsional modes can be

determined [2]. A wide range of asphalt mixtures have

been tested with the ASTM C215 method and a good

agreement with traditional methods has been shown

[10, 11, 22]. Limitations with the ASTM standard

include that it should only be applied to specimens

with a Length (L) to Diameter (D) ratio of L/D [ 2 and

that only the first resonant frequency from each mode

type can be used in the evaluation [2]. In order to

construct the mastercurve from measurements of the

fundamental frequency, shift factors from the binder

have been used as representative of the mixture shift

factors [11]. Previous research has shown that this

assumption is a good approximation [5, 7].

However, RAS based on variational methods, such

as the Rayleigh–Ritz algorithm allows for using

several frequencies from the same temperature in the

evaluation. The damping characteristic of the material

forces a limit for how many resonance frequencies can

be used in the evaluation. When the damping is too

high it will no longer be possible to determine the

resonances. In traditional applications of RUS and

RAS multiple modes are measured and used in the

evaluation of isotropic or anisotropic Young’s mod-

ulus (E) and Poisson’s ratio (t) to increase the

accuracy of the estimated parameters. In the case of

a viscoelastic material, multiple modes facilitate the

interpretation of the frequency dependent material

properties, which is necessary in the construction of a

mastercurve directly from RAS [14]. Another impor-

tant advantage with RAS is that it is applicable to

objects of arbitrary geometries [15].

Results from RAS applied to cylindrical disc-

shaped asphalt concrete specimens evaluated with the

Rayleigh–Ritz method have shown good correlation

with mastercurves from the Witczak dynamic modu-

lus predictive model in the high modulus range of

the mastercurve [19]. However, the measurements

reported were limited to the fundamental flexural

mode and the fundamental longitudinal mode. There-

fore, there is a need to explore the possibility of using

multiple modes of vibration to determine the material

properties of asphalt concrete.

The objective of this paper is to investigate the use

of RAS applied to beam-shaped asphalt concrete

specimens to determine the material properties of

asphalt concrete from several flexural and longitudinal

resonant modes. This method opens the possibility to

determine the high frequency (or low temperature)

part of the dynamic modulus mastercurve.

In this paper it is shown that by applying RAS to

beam shaped asphalt concrete specimens, the dynamic

modulus can be characterized for several resonance

modes at each testing temperature.

2 The dynamic modulus mastercurve

The dynamic modulus, |E*|, is the absolute value of the

complex modulus, E*, which is defined as:

E� ¼ E0 þ iE00 ¼ E�j jei/ ð1Þ

where E0 is the storage modulus, E00 is the loss modulus

and / is the phase angle between those.

In traditional dynamic modulus testing of asphalt

concrete, sinusoidal loads are applied to a specimen

while measuring its deformation:

E�j j ¼ r0

e0

; ð2Þ

where r0 is the peak-to-peak stress amplitude and e0 is

the peak-to-peak strain amplitude.
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To consider the temperature and frequency depen-

dence of asphalt concrete, this testing is performed at

several different temperatures over a limited fre-

quency range (0.1–25 Hz). Assuming a thermorhe-

ologically simple material, these measurements are

equivalent to measurements made at a specific tem-

perature over a wider range of frequencies. According

to the time–temperature superposition principle, a

temperature-dependent shift function is used to shift

the test results along the frequency axis to a single

mastercurve. The following equations are commonly

used in the determination of the mastercurve. Reduced

frequencies are calculated to shift the data along the

frequency axis,

fred ¼ aTf ð3Þ

where the shift factors, aT can be calculated with the

Williams–Landel–Ferry equation [23],

log aT ¼
�c1 T � Trefð Þ
c2 þ T � Tref

ð4Þ

The coefficients c1 and c2 are unknown constants

that are estimated along with d, a, b and c (the

unknown constants in the sigmoidal function),

log E�j j ¼ dþ a

1þ e b�c log fredð Þð Þ ð5Þ

by fitting the calculated dynamic modulus with the

measured dynamic modulus.

3 Resonant acoustic spectroscopy

The computation of the elastic parameters in RUS is

based on two parts. First, the so-called forward problem

is solved where an approximation of the elastic param-

eters is made in order to calculate the theoretical natural

frequencies. Secondly, the inverse problem is solved

where the theoretically calculated natural frequencies

are fitted to the measured natural frequencies iteratively,

by adjusting the approximated elastic parameters until

the best least-square fit is obtained.

Through history, two general approaches have been

used to determine resonance frequencies of solids non-

analytically. One of the approaches is the finite element

method, in which the solid is divided into elements

and the governing physical equations for each element

are solved separately, under the condition that there

is continuity across the element boundaries. The

theoretical development of RUS is instead based on

the approach of energy minimization techniques that

search only for the minimum energy configuration of

the body, ensuring that none of the vibrational modes

are excluded [15].

The algorithm for calculating the eigenfrequencies

of a body has been described in work by Migliori and

Sarrao [15]. Here we present only the concept of the

energy minimization techniques and how we apply it

to beam-shaped asphalt concrete specimens.

From classical mechanics it can be shown that the

free vibration of a body is exactly the same as the

solution of Lagrangian mechanics for a 3D linear

elastic body of arbitrary shape,

L ¼
Z

V

KE � PEð ÞdV ; ð6Þ

where L is the Lagrangian, KE is the kinetic energy

and PE is the potential energy of the body with the

volume V. By assuming simple harmonic motion, the

equilibrium configuration of the system can be found

and the displacements that fulfill this state correspond

perfectly to the normal modes of the system. In order

to evaluate the displacements numerically, the Ray-

leigh–Ritz method is used to expand each displace-

ment component (ui) in terms of basis functions (/k):

ui ¼
X

k

aik/k; ð7Þ

where the coefficients aik are constants and k = (p, q,

r), which are positive integers.

Different types of basis functions for the displace-

ments can be used depending on the geometry of the

sample. However, by using powers of Cartesian

coordinates a solution can be found for samples with

different types of geometry. This is also the chosen

basis function in this paper:

/k ¼ xpyqzr ð8Þ
Now substituting the displacement function into the

Lagrangian gives the following matrix equation:

L ¼ 1

2
x2a~T E

$
a~� 1

2
a~T C
$

a~ ð9Þ

where E
$

denotes the E matrix, C
$

denotes the C matrix,

a~ the eigenvectors and x2 the eigenvalues.

This matrix equation (Eq. 9) is the complete

solution of the system when N ? ?, where N is an

Materials and Structures (2012) 45:1903–1913 1905



arbitrarily chosen upper limit (usually N = 10) to

balance the computational time against the number of

resonance frequencies needed to determine the elastic

parameters with certain accuracy [15]. This is com-

monly done by:

pþ qþ r�N ð10Þ
The final eigenvalue equation is obtained consid-

ering that the Lagrangian is stationary for the natural

frequencies. Therefore the solutions to the problem

can be found when the derivatives qL/qaik are equal to

zero, which gives:

x2 E
$

a~¼ C
$

a~ ð11Þ
For rectangular parallelepiped samples with the

length of the sides of 2d1, 2d2 and 2d3 the calculations

of the C and E matrices can be reduced by calculating

the following analytical formulation [15],

f p; q; rð Þ ¼ 8dpþ1
1 dqþ1

2 drþ1
3

pþ 1ð Þ qþ 1ð Þ r þ 1ð Þ ð12Þ

Now solving the Lagrangian with the Rayleigh–

Ritz approximation, the displacements that give the

minimum (stationary) solution can be found (from the

eigenvectors a~) and the natural frequencies without

losses can be determined (from the eigenvalues x2).

3.1 Test procedure and analysis

The theory behind RAS requires that the specimen

have free boundary conditions. By using pads of soft

foam it is assumed that the specimen is floating with

free boundary conditions [22]. To excite the normal

modes of vibration, a small hammer is used to

manually apply a small load impulse to the specimen.

An accelerometer (PCB model 352B10) with the

weight of 1.5 g, attached to the specimen by wax, is

used to transform the resulting vibrations in the

specimen into electrical signals. The miniature accel-

erometer is assumed to have no influence on the

resonance frequencies of the beam. Figure 1 presents

the set-up used for the resonance testing.

Each 10 ms long signal is stored in a computer by

the PC-CARD DAS 16/16-AO from Measurement

Computing and by using the Fast Fourier Transform

(FFT) the signals are transformed from time domain to

frequency domain. Figure 2a shows the measured data

in time domain and Fig. 2b the transformed data in

frequency domain, where each peak is a resonance

mode. Figure 3 illustrates the displacements of the

beam for the first three flexural and longitudinal

modes.

The test procedure has been repeated for each

testing temperature (-10, 0, 10, 20, 25 and 30 �C). At

each temperature, three different excitation directions

were used to extract as many modes of vibration as

possible. For each mode type, ten load impulses were

applied to the specimen and the average resonance

frequencies from these load impulses were used in the

determination of the dynamic modulus. The coeffi-

cient of variation for the fundamental resonant

frequencies from the ten load impulses was calculated

to analyze the repeatability of the measurements. The

repeatability is presented in Fig. 4 for the fundamental

flexural mode of the different specimens. The good

repeatability is a known advantage of resonance

Fig. 1 The test set-up for resonance testing with free boundary conditions
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testing [6, 10, 11, 22]. The three different excitation

directions are illustrated in Fig. 5, along with the

direction of the beams in the compacted slab.

The measured resonance frequencies from this

procedure are the damped natural frequencies of the

specimen. These measured resonance frequencies

must therefore be converted to natural frequencies

before comparison with the theoretically calculated

natural frequencies. This is done according to:

fn ¼
fdffiffiffiffiffiffiffiffiffiffiffiffiffi

1� f2
p ð13Þ

where fn is the natural frequency, fd is the damped

natural frequency and f is the damping ratio. The

damping ratio is determined according to the half-

power bandwidth method,

f ¼ Df

2fd

ð14Þ

where Df is the width of the frequency response curve

at 0.707 (half-power) of the maximum amplitude of

the curve. The damping ratio is also used to determine

the phase angle, /,

/ ¼ arctanð2fÞ ð15Þ
This procedure of estimating damping is applicable

as long as the damping ratio does not exceed

approximately 0.5 (half of the critical damping) and

the recorded length of the signal is longer than the

inverse of the bandwidth (Df) [22].

To find the elastic modulus, knowledge about

Poisson’s ratio (t) is needed. At this point

Poisson’s ratio has been estimated iteratively from

the dynamic modulus with the relationship used in

the NCHRP Guide for Mechanistic-Empirical

Design [8],

t ¼ 0:15þ 0:35

1þ e aþb�log Eð Þð Þ ð16Þ

To account for the energy losses in the material that

have been excluded so far, the phase angle is used to

determine the dynamic modulus,
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the 3 first longitudinal

modes (b)
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E�j j ¼ E0

cos /ð Þ ð17Þ

where E0 is the storage modulus.

In the application of RUS, it has been suggested that

the number of resonance frequencies to accurately fit

the elastic parameters should be at least five times the

number of unknown parameters to be determined. This

requirement has been developed from the experience

of the RUS users through history. Due to the visco-

elasticity in asphalt concrete each frequency results in

different elastic parameters and this requirement can

therefore not be fulfilled in this application. Consid-

ering that RUS aims to determine a relative accuracy of

10-6 and the traditional standards within the pavement

industry accepts variations of 10 % this requirement

may not be necessary to successfully apply RAS to

asphalt concrete [15, 20].

4 Materials

A common mixture used in Swedish pavements, with

an accepted range of air voids between 1.5–3.5 % and

a minimum binder content of 6.0 % by weight, called

ABT 16 70/100 has been tested in this study [21].

Granite aggregates from the Bjärsgård quarry in Skåne

with the nominal aggregate size of 16 mm and binder

with penetration grade 70/100 from Nynas AB were

used in the mixture. The mixing of the asphalt concrete

was made in a laboratory mixer with an electrical

heating function and a thermometer monitoring the

mixing temperature. The mixture was compacted into

a slab with the dimensions of 500*560*80 mm (x, y,

z) in a laboratory with a roller (see Fig. 5). From the

slab, rectangular parallelepiped specimens were sawn

along all sides. The positions of the beams related to

the slab are presented in Fig. 6 and the dimensions of

the three beams are presented in Table 1. Using RAS
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Fig. 4 The repeatability of resonance testing for the funda-

mental flexural modes in z-direction

Fig. 5 Measured modes of

vibrations (a) and the

direction of the beams in the

slab (b)

Table 1 Specimen data

Beam 1 Beam 2 Beam 3

Width (y-dir.) (mm) 58.74 58.74 58.65

Height (z-dir.) (mm) 58.87 58.94 58.88

Length (x-dir.) (mm) 382.0 382.0 382.0

Mass (g) 3133 3120 3126

Density (g/cm3) 2.372 2.359 2.370

Air voids (%) 2.2 2.7 2.3

Fig. 6 The cut out beams

position in the compacted

slab
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the measured dimensions are equally important as the

measured resonance frequencies.

These dimensions were chosen according to the test

standard SS-EN 12697-26:2004, where it is stated that

the width and the height should be at least three times

the maximum grain size. The length should also be six

times the highest value of the height or the width [20].

The temperature during mixing and compaction of the

mixture was 150 �C. Table 2 presents the gradation of

the mix and the gradation limits. The binder content of

the mix was determined to 6.3 % by weight.

A temperature chamber was used for the temper-

ature conditioning of the specimens during the test.

The actual temperature of the specimens was con-

trolled using a separate ‘‘dummy’’ specimen with

thermometers attached to the center and the edge of

the specimen. The test was performed during less than

half a minute outside the temperature chamber apply-

ing 10 impacts on three different sides of the

specimen.

5 Results and discussion

In this paper RAS is compared with the test method,

ASTM E 1876-99 Standard test method for dynamic

Young’s modulus, shear modulus, and Poisson’s ratio

by impulse excitation of vibration. With ASTM E

1876-99 it is possible to determine the fundamental

resonant frequency of each type of vibrational mode

by exciting the resonance frequencies from a single

impulse. The material is assumed to be elastic,

homogeneous and isotropic [3].

The dynamic modulus has been characterized for

three resonance frequencies for each type of vibration

at the testing temperatures between -10 to 10 �C by

using RAS. At the higher temperatures (20 �C to

30 �C), increased damping has limited the number of

available resonance frequencies for successful char-

acterization of the dynamic modulus. At this point it

was not possible to evaluate the longitudinal modes at

30 �C.

Figures 7, 8 and 9 present the dynamic modulus for

each type of vibration calculated from the ASTM E

1876-99 standard and from RAS. The results are

presented as an average of the three different samples

(Beam 1 to Beam 3). The highest coefficient of

variation for the dynamic modulus between the

different specimens (over the tested temperature

interval) is 4.5- %, 5.3 % and 2.0 % for the flexural

modes in z-direction, flexural modes in y-direction and

the longitudinal modes (x-direction) respectively.

In the comparison between the two methods (RAS

and ASTM E 1876-99) a mastercurve is presented for

each method. As seen in Figs. 7, 8 and 9, the evaluated

data was not enough to create an overlap of the

dynamic modulus between the testing temperatures,

which is necessary in order to apply the time–

temperature superposition. Binder shift factors have

therefore been used to construct the mastercurve. The

binder shift factors presented in Table 3 have been

determined from frequency sweep dynamic shear

rheometer measurements.

Table 2 Gradation of the mix

Sieve size (mm) 0.063 0.125 0.25 0.5 1 2 4 5.6 8 11.2 16 22.4

Passing (%) 8.9 12 16 21 28 39 50 58 70 81 98 100

Upper limit (%) 9 – – 30 – 47 – – 73 88 100 100

Lower limit (%) 6 – – 13 – 26 – – 57 71 90 100

10
0

10
2

10
4

10
6

10
8

0

0.5

1

1.5

2

2.5

3

3.5

4
x 10

4

Reduced frequency [Hz]

D
yn

am
ic

 m
od

ul
us

 [
M

Pa
]

Mastercurve flexural modes z-direction T
ref

 = 10oC

-10oC →

← 0oC

← 10oC

← 20oC

← 25oC

← 30oC
RAS    Mastercurve
ASTM Mastercurve
RAS
ASTM E 1876-99

Fig. 7 The average dynamic modulus mastercurve of Beams

1–3 for the flexural modes in the z-direction calculated from

both the ASTM E 1876-99 standard and RAS. The mastercurves

are constructed from binder shift factors
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It can be seen that there is a perfect match between

the two methods for the fundamental flexural modes

(Figs. 7, 8). However, the match for the fundamental

longitudinal mode is not as precise (Fig. 9). This

indicates that for the longitudinal modes of vibration

the approximate formulation in the standard test

method does not provide precise results for the

geometry investigated in this paper. It can also be

seen that the shape of the mastercurves differs between

the two methods for all mode types (Figs. 7, 8, 9). This

fact highlights the importance of characterizing the

dynamic modulus using multiple modes of vibration.

Looking more closely to the evaluated dynamic

modulus from RAS for the different beams, it can be

seen in Figs. 10, 11 and 12 that there is a systematic

difference in the dynamic modulus for the different

mode types. The most noticeable difference is between

the flexural modes of vibration and the longitudinal

modes of vibration, where the longitudinal mode type

has higher dynamic modulus especially at high

temperatures. However, there is also a small differ-

ence in the dynamic modulus between the flexural

modes in z-direction and the flexural modes in the y-

direction. Here the y-direction in general has a slightly

higher dynamic modulus than the z-direction.

These specific results of the anisotropy, where the

modulus is higher in the y-direction than in the z-

direction, have also been seen by Di Benedetto et al.

[6] for rolling wheel compacted asphalt concrete. One

reason for this could be that the aggregates tend to
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Fig. 8 The average dynamic modulus mastercurve of Beams

1–3 for the flexural modes in the y-direction calculated from

both the ASTM E 1876-99 standard and RAS. The mastercurves

are constructed from binder shift factors
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are constructed from binder shift factors

Table 3 Binder shift factors

Temperature (�C) -10 0 10 20 25 30

Log(aT) 1.5733 0.7163 0 -0.6077 -0.8782 -1.1296
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Fig. 10 The dynamic modulus of Beam 1 for the different

modes of vibration at the testing temperatures -10, 0, 10, 20, 25

and 30 �C
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orient themselves with the longest axis horizontally

during this type of compaction, leading to a stiffer

response in the horizontal direction (y-direction).

These results agree with research showing that the

stiffness in the direction of the longest axis is

significantly higher than the stiffness in the direction

of the aggregates short axis [4]. It can also be seen that

the longitudinal horizontal direction gives a higher

modulus than both of the flexural mode types. In

previous research it has been seen that a stiffening

effect is observed when asphalt concrete is subjected

to compression [13]. These results of the anisotropy

are systematic for the tested specimens and agree well

with previous research of anisotropy in asphalt

concrete.

Figure 13 shows the result of the measured phase

angle as an average of Beam 1 to 3. Using resonance

testing, no correction are needed for obtaining the

phase angle.

The average phase angle is also presented as a

mastercurve in Fig. 14, where the mastercurve was

determined from the fitted storage and loss modulus

and by using the binder shift factors.

The influence of the air voids on the dynamic

modulus is presented in Fig. 15. The specimen with

the highest air voids (Beam 2) has the lowest dynamic

modulus at 10 kHz and 10 �C. The dynamic modulus

at this specific frequency and temperature are calcu-

lated from the RAS mastercurve.
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Fig. 11 The dynamic modulus of Beam 2 for the different

modes of vibration at the testing temperatures -10, 0, 10, 20, 25
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Table 4 presents the dynamic modulus at 10 kHz

and 10 �C for the three different mode types. It can be

seen that the results in Fig. 15 are typical for all mode

types. Also here the dynamic modulus is calculated

from the RAS mastercurve.

The coefficients in the equation of Poisson’s ratio

(Eq. 16) were chosen so that the dynamic modulus

increases with increasing mode number (frequency).

Figure 16 presents the dynamic modulus dependency

of mode number and Poisson’s ratio at -10 �C. As

shown in Fig. 16 the expected increase in the dynamic

modulus with frequency requires a Poisson’s ratio

above approximately 0.2 at this temperature. The

coefficients in Eq. 16 were set to a = -19 and

b = 2.95 based on these results.

The approximation of Poisson’s ratio is an uncer-

tainty, but to the authors knowledge there is no other

relationship that is known to be more correct in order

to describe the frequency dependency of Poisson’s

ratio. The empirical relation in Eq. 16 is here treated

as a first approximation to be further evaluated in

future studies using RAS.

6 Conclusions

The application of RAS to asphalt concrete beams has

been investigated in this paper. The results show that

the material properties can be characterized for multi-

ple modes of vibration at each testing temperature.

Therefore, the dynamic modulus can be characterized

for a wider frequency range by using RAS compared to

the traditional methods. Since the standard test methods

used today to determine the dynamic modulus are

limited to testing at maximum 25 Hz (AASHTO 2007),

RAS holds the promise of being able to provide more

knowledge about asphalt concrete at low temperatures

and higher stiffness. The results were also compared to

the ASTM E 1876-99 method. The comparison

indicated that the approximate formulation (ASTM E

1876-99) for the longitudinal modes of vibration did

not provide precise results for the geometry investi-

gated in this paper. The results throughout this paper

show a good repeatability of the method.

Importantly, RAS can be used for testing over

extended frequency ranges, thus providing increased

accuracy in future comparisons with other standard

test methods for the dynamic modulus. This knowl-

edge can be used to develop even more accurate and

precise theoretical models for asphalt concrete.
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22. Whitmoyer SL, Kim YR (1994) Determining asphalt con-

crete properties via the impact resonant method. J Test Eval

22(2):139–148

23. Williams ML, Landel RF, Ferry JD (1955) The temperature

dependence of relaxation mechanisms in amorphous poly-

mers and other glass-forming liquids. J Am Chem Soc

77:3701–3707

Materials and Structures (2012) 45:1903–1913 1913

http://dx.doi.org/10.1016/j.conbuildmat.2011.01.002
http://dx.doi.org/10.1016/j.conbuildmat.2011.01.002


Paper II 
 
 
 

Characterizing the low strain complex 
modulus of asphalt concrete specimens 
through optimization of frequency 
response functions 
 
ANDERS GUDMARSSON 
NILS RYDEN 
BJÖRN BIRGISSON 
 
 
 
Published in 
Journal of Acoustical Society of America 132 (4) 
2304-2312 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 



Characterizing the low strain complex modulus
of asphalt concrete specimens through optimization
of frequency response functions

Anders Gudmarsson,a) Nils Ryden, and Bj€orn Birgisson
Highway and Railway Engineering, KTH Royal Institute of Technology, Brinellv€agen 23,
100 44 Stockholm, Sweden

(Received 18 May 2012; revised 12 July 2012; accepted 1 August 2012)

Measured and finite element simulated frequency response functions are used to characterize the

low strain (�10�7) complex moduli of an asphalt concrete specimen. The frequency response

functions of the specimen are measured at different temperatures by using an instrumented hammer

to apply a load and an accelerometer to measure the dynamic response. Theoretical frequency

response functions are determined by modeling the specimen as a three-dimensional (3D) linear

isotropic viscoelastic material in a finite element program. The complex moduli are characterized

by optimizing the theoretical frequency response functions against the measured ones. The method

is shown to provide a good fit between the frequency response functions, giving an estimation of

the complex modulus between minimum 500 Hz and maximum 18|000 Hz depending on the

temperature. Furthermore, the optimization method is shown to give a good estimation of the

complex modulus master curve.
VC 2012 Acoustical Society of America. [http://dx.doi.org/10.1121/1.4747016]

PACS number(s): 43.40.At, 43.40.Le, 43.60.Pt, 43.40.Cw [DAB] Pages: 2304–2312

I. INTRODUCTION

Non-destructive testing (NDT) is of great importance

for future quality control and quality assurance of new and

old pavement constructions. NDT offers a fast, economic,

and truly non-destructive method of linking low strain meas-

urements of asphalt concrete from field and laboratory to-

gether. Using seismic testing, measurements of specimens in

the laboratory are performed at approximately the same

strain level as seismic measurements in the field. This allows

for a direct comparison between the strain level dependent

material properties determined in field and laboratory. Today

there are three different standard test methods available to

measure the dynamic modulus of asphalt concrete specimens

(Brown et al., 2009). The dynamic modulus can be measured

at minimum 0.01 Hz and maximum 25 Hz through these

methods. However, there is no non-destructive measurement

technique in the field that can be linked to the results from

these methods. In addition, the traditional methods require

expensive equipment and are not completely non-

destructive. They may also be considered as too time con-

suming to be used in the daily production.

A general problem with NDT applied to asphalt con-

crete specimens has been to evaluate the complex modulus

at several frequencies at each testing temperature. Previous

resonance frequency measurements applied to asphalt con-

crete specimens have for example been based on the ASTM

C215 standard (Whitmoyer and Kim, 1994; Kweon and

Kim, 2006; Lacroix et al., 2009) and resonant ultrasound

spectroscopy (RUS) (Ryden, 2011; Gudmarsson et al.,
2012). The ASTM C215 standard is limited to determination

of the complex modulus to the fundamental modes of vibra-

tion (ASTM, 2008), while RUS offers a possibility to deter-

mine the complex modulus at more than one resonance

frequency (Leisure and Willis, 1997; Migliori and Sarrao,

1997). However, using only the resonances of a specimen

for a viscoelastic material usually limits the determination of

the modulus to a few numbers of frequencies at a specific

temperature (Buchanan, 1987). Ryden (2011) applied reso-

nant acoustic spectroscopy (RAS) (Ostrovsky et al., 2001) to

cylindrical asphalt concrete disks, characterizing the

dynamic modulus for two different fundamental modes of

vibration at different temperatures. Gudmarsson et al. (2012)

characterized the dynamic modulus at most three resonance

frequencies per temperature by applying RAS to beam

shaped asphalt concrete specimens. In common for all these

results applying resonance testing to asphalt concrete is the

limitation of not being able to construct master curves using

only NDT. So far the construction of the master curve has

been based on binder shift factors obtained from measure-

ments of the binder in a lower frequency range (Kweon and

Kim, 2006; Lacroix et al., 2009; Gudmarsson et al., 2012).

Therefore the number of measurement points (frequency

range) from each temperature needs to be increased to be

able to determine master curves using only NDT. Also, the

applicability of the time-temperature superposition principle

to results obtained from high frequency measurements of

asphalt mixtures needs to be further investigated.

Through the use of frequency response functions

(FRFs), it is possible to characterize the material properties

at a wider range of frequencies and not only at the resonan-

ces of a specimen (Buchanan, 1987). Therefore the finite ele-

ment method is applied in this paper to perform frequency

response simulations of a beam shaped asphalt concrete

specimen to determine the theoretical frequency response.
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Using this approach, the material properties of a specimen

can be determined iteratively over a wide frequency range

by fitting theoretical FRFs with measured FRFs. Optimiza-

tion of FRFs for determination of the material properties of

specimens is commonly used in other fields of application.

For example, Guo and Brown (2000) and Renault et al.
(2011) matched measured and analytical determined FRFs

of frequency dependent materials to characterize their mate-

rial properties. Ren et al. (2011) evaluated seven parameters

describing the temperature and frequency dependent mate-

rial properties by optimizing FRFs of metal polymer sand-

wich beams. Rupitsch et al. (2011) determined the dynamic

complex Young’s modulus and Poisson’s ratio of a visco-

elastic material used for vocal fold models through the use

of FRFs. Advantages using FRFs compared to only the reso-

nance frequencies are not only the increased usable fre-

quency range. The procedure of matching the measured

resonance frequency with the corresponding theoretical reso-

nance frequency is not always straight forward. This is due

to the fact that the computation of the theoretical resonance

frequencies gives results of resonance frequencies for all

modes of vibration of the solid. Therefore the theoretical res-

onance frequencies that correspond to the measured mode of

vibration must be identified. This is generally rather simple

for the first two or three resonance frequencies but may be

more problematic for higher resonances, where the reso-

nance frequencies of different modes of vibration may be

difficult to differentiate.

The aim of this paper is to expand the frequency range

and number of measurement points, from which the complex

modulus of asphalt concrete specimens can be characterized

through NDT. Moreover, the possibility of constructing

asphalt concrete master curves through optimization of FRFs

is studied.

II. METHODOLOGY

A. Materials

Measurements have been performed to an asphalt

concrete beam and to an unplasticized polyvinyl chloride

(PVC-U) beam. The PVC-U beam (398.6 mm� 63.66 mm

� 50.08 mm) with the density of 1.374 g/cm3 has been tested

to investigate the applicability of the method.

The asphalt concrete specimen has a nominal aggregate

size of 16 mm, and the recipe of the mix follows the criteria

of an ABT 16 mixture with 70/100 Nynas bitumen and gran-

ite aggregates (Trafikverket, 2009). The mixing of the

asphalt concrete was performed in a laboratory mixer at

150 �C, giving a binder content of 6.3% and the gradation

according to Table I (Gudmarsson et al., 2012). The asphalt

mix was compacted with a roller in a laboratory to a slab

(500, 560, 80 mm), from which the specimen was sawn

out to the dimensions of 382 mm� 58.74 mm� 59.94 mm

(x, y, z) according to Fig. 1. The density of the measured

specimen is 2.359 g/cm3, and the air void content of the

specimen is 2.7%.

B. Experimental determination of the frequency
response function

The test setup used for measuring the FRFs of the beam

shaped asphalt concrete specimen is illustrated in Fig. 1. The

soft foam is assumed to provide free boundary conditions to

the specimen (Whitmoyer and Kim, 1994). The measure-

ments can be applied to specimens with arbitrary geometry.

An impact hammer (PCB model 086E80) is used to

apply a load impulse, and an accelerometer (PCB model

352B10) is used to measure the response. The accelerometer

is attached to the specimen by soft wax. Note that the accel-

erometer is very light (0.7 g) and is assumed to have no

effect on the response of the system. The impact hammer

and the accelerometer are connected to a signal conditioner

(PCB model 480B21), which is further connected to a data

acquisition device (NI USB-6251 M Series) for analog to

digital conversion. The Data Acquisition Toolbox in MATLAB

has been used to set up the data acquisition device and to

perform the measurements. The data collected from this test-

ing are stored in a computer.

The load impulse in time domain of a measurement at

�1.6 �C of the asphalt concrete specimen and the fast Fou-

rier estimation the recorded signals are presented in Figs.

2(a) and 2(b), respectively. The sampling frequency was set

to 500 kHz when using the NI USB-6251 M Series device.

Figure 3(a) shows the response of the measurement in time

domain, and Fig. 3(b) shows the fast Fourier transform of

the response in frequency domain. The record lengths of

the response were chosen depending on the temperature

(damping) of the specimen. At this temperature, 0.008 s

was chosen.

TABLE I. Gradation of the mix (Gudmarsson et al., 2012).

Sieve size (mm) 0.063 0.125 0.25 0.5 1 2 4 5.6 8 11.2 16 22.4

Passing (%) 8.9 12 16 21 28 39 50 58 70 81 98 100

Upper limit (%) 9 - - 30 - 47 - - 73 88 100 100

Lower limit (%) 6 - - 13 - 26 - - 57 71 90 100

FIG. 1. Illustration of the experimental setup.
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A frequency response function (H) can be calculated

according to Eq. (1), where Y is the Fourier transform of the

measured response (output) and X is the Fourier transform of

the load impulse (input),

Hðf Þ ¼ Yðf Þ
Xðf Þ : (1)

To reduce measurement noise when determining FRFs, the

ratio between the cross power spectrum and the power spec-

trum [Eq. (2)] is usually used in practice (Halvorsen and

Brown, 1977). This equation is also used in this paper to

determine the FRFs,

Hðf Þ ¼ X
� ðf Þ � Yðf Þ

X� ðf Þ � Xðf Þ ; (2)

where X*(f)¼ the complex conjugate of X(f).
A FRF of the longitudinal vibration modes (x direction)

has been determined for each testing temperature (�24.4 �C,

�20.5 �C, �15.1 �C, �10.5 �C, �5.4 �C, �1.6 �C, 5.4 �C,

11.3 �C, 15.8 �C, 20.5, and 30.1 �C). Figure 4(a) presents the

absolute value of the measured FRFs for five of the tested

temperatures, and Fig. 4(b) presents the unwrapped phase

angle of the same temperatures. The FRFs at different tem-

peratures are calculated from an average of five individual

measurements at each temperature. The maximum strains

applied to the specimen through these tests have been

approximated to 0.12 micro-strains. The maximum strains

occur at the first resonance frequency and have been

approximated by Eq. (3) (Pasqualini, 2006), where e is the

strain, Y(f) is the measured acceleration, L is the length of

the specimen, and f is the frequency,

e ¼ Yðf Þ
4pLf 2

: (3)

The coherence function presented in Fig. 5 is an indication

of the quality of the FRF measurements. A value of zero

means no correlation between the impulse signal and the

response. A value of one indicates that the response is com-

pletely explained by the impulse signal and that there is no

other interference. The coherence function is determined

from the average of five individual FRF measurements at

each temperature. Based on the coherence function, a mini-

mum limit of the usable frequency range to characterize the

complex modulus is set to 500 Hz for all temperatures except

-20.5 �C and �24.4 �C. At these temperatures, there is some

interference up to approximately 4000 Hz, which is set as a

minimum limit for these temperatures. The coherence func-

tion (CF) is calculated according to Eq. (4),

CF ¼

�
X� ðf Þ � Yðf Þ

����
���2�

X� ðf Þ � Xðf Þ
�
�
�

Y� ðf Þ � Yðf Þ
� ; (4)

where X� ðf Þ � Yðf Þ ¼ averaged cross power spectrum,

X� ðf Þ � Xðf Þ ¼ averaged auto power spectrum (impulse),

and Y� ðf Þ � Yðf Þ ¼ averaged auto power spectrum

(response).

C. Theoretical determination of the frequency
response function

The theoretical frequency response analysis of the speci-

men was performed by using a finite element program

(COMSOL MULTIPHYSICS 4.2, 1998), where the specimen was

FIG. 2. The load impulse in time domain (a)

and frequency domain (b).

FIG. 3. The measured response of the specimen

in time domain (a) and frequency domain (b).
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modeled as a 3D linear isotropic viscoelastic material. The

viscoelastic parameters of the material are described using

the Havriliak–Negami model according to Eq. (5) (Havriliak

and Negami, 1966) and the relationship of Poisson’s ratio

[Eq. (6)] from the National Cooperative Highway Research

Project’s Guide for Mechanistic-Empirical Design (NCHRP,

2004),

E� ¼ E1 þ
ðE0 � E1Þ
½1þ ðixsÞa�b

; (5)

where E0 is the low frequency modulus (Pa), E1 is the high

frequency modulus (Pa), a governs the frequency depend-

ency, b governs the asymmetry of the loss peak, s is the

relaxation time (s), i is the complex number, and x¼ 2pf
where f is the frequency (Hz);

� ¼ 0:15þ 0:35

1þ eðaþb�logðjE�jÞÞ ; (6)

where a and b are material constants.

The Havriliak–Negami model has been chosen instead of

the sigmoidal function, commonly applied to asphalt concrete

(Brown et al., 2009), due to the model’s ability to characterize

the complex modulus. The sigmoidal function describes only

the dynamic modulus and is therefore not able to characterize

the complete viscoelastic behavior of the material (Yusoff

et al., 2011). Furthermore, the Havriliak–Negami model can

account for an asymmetrical loss peak and has proven to be

very accurate in modeling the behavior of viscoelastic materi-

als (Hartmann et al., 1994; Madigosky et al., 2006). Another

important advantage with the Havriliak–Negami model is that

is has relatively few parameters to estimate in an optimization

process compared to other models commonly applied to

asphalt concrete (Yusoff et al., 2011).

A convergence study of the finite element model was

performed to determine a sufficient maximum element size

for good accuracy and to minimize the computational time.

Figure 6 presents the finite element simulation of different

mesh sizes for the fourth resonance frequency of the longitu-

dinal vibration mode. The fourth resonance is presented

because it is more sensitive to the mesh size than the lower

resonance frequencies. In Fig. 6, it can be seen that results

converges at a mesh size of 2 cm (2455 number of elements).

The mesh of the finite element model (shown in Fig. 7) was

built up by tetrahedral elements with quadratic shape

functions.

The frequency response simulation of the specimen was

performed by applying a unit force (1 N) in the x direction

(see Fig. 7) at the center point of the y-z plane (0, 29.37,

29.47 mm). The force was applied over a frequency range of

100–20 000 Hz in steps of 20 Hz. The response of the simula-

tion was obtained from the center point 382, 29.37,

29.47 mm. These points of the specimen correspond to the

real load impulse and where the accelerometer was attached

in the real measurements.

D. Optimization of the frequency response functions

The time-temperature superposition principle (TTSP)

allows results from measurements at different temperatures

and frequencies to be shifted to a single master curve

expressed at a specific reference temperature or reference

frequency (Brown et al., 2009). Materials to which the TTSP

can be applied are classified as thermorheological simple

materials. In the Havriliak–Negami model, it is assumed that

FIG. 4. (Color online) Measured FRFs of the lon-

gitudinal vibration modes (a) and the unwrapped

phase angle of the measured FRFs (b).

FIG. 5. (Color online) The coherence function

of the measured FRFs (a) and a zoom of the

lower frequency area (b).
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the relaxation time (s) is the only temperature dependent

parameter (Madigosky et al., 2006). This means that if the

material is thermorheologically simple, the relaxation time

is the only parameter that needs to be determined uniquely

for each tested temperature. All other parameters in the

Havriliak–Negami model should be able to be estimated to

the same value for each temperature if the TTSP is applica-

ble. Therefore theoretical FRFs are optimized against all

measured FRFs simultaneously to estimate the complex

modulus master curve through one single simulation. This is

performed by substituting the Williams–Landel–Ferry equa-

tion [Eq. (7)] into the Havriliak–Negami model [see Eq. (8)].

By this, the shift factors allow the relaxation time (s) to be

unique for each temperature while all other parameters take

the same values for all temperatures. A similar approach has

been applied by Ren et al. (2011),

logaTðTÞ ¼
�c1ðT � Tref Þ
c2 þ T � Tref

; (7)

where aT(T) is the shift factor, T is the test temperature, Tref

is the reference temperature, and c1 and c2 are material con-

stants (Williams et al., 1955),

E� ¼ E1 þ
ðE0 � E1Þ

½1þ ðixaTðTÞsÞa�b
: (8)

The FRF optimized complex modulus master curve is in this

paper also compared to complex moduli results obtained

through optimizing the FRFs separately by estimating the

four parameters E1, a, b, and s for each test temperature

[using Eq. (5)]. This comparison is performed to investigate

the accuracy of the estimated master curve against results of

the best possible matches of measured and theoretical FRFs.

MATLAB and the finite element program COMSOL MULTIPHY-

SICS 4.2 were used to perform the optimization of the FRFs.

The frequency response simulations in the finite element

program were combined with the patternsearch function in

MATLAB, allowing an update of the model parameters by min-

imizing the error between the measured and theoretical

FRFs. The patternsearch function has been found to be effi-

cient in finding the global minimum for optimization of

FRFs (Ren et al., 2011). The following objective function

[Eq. (9)] was used for the optimization of the FRFs, where

the normalized measured FRF were used to weigh frequen-

cies around the resonance peaks of the specimen higher.

Other objective functions were also tested for the optimiza-

tion process leading to similar results. The error was calcu-

lated for 60 points (frequencies) distributed over the three

first resonance frequencies of the FRFs,

Error ¼
XN

i¼1

jHMNormi
j � jHMi

j � jHTi
j

jHMi
j

����
����

� �
; (9)

where HMNorm¼ normalized measured frequency response

function, HM¼measured frequency response function,

HT¼ theoretical frequency response function, N¼ number of

data points, and i¼ index of the data point.

III. RESULTS AND DISCUSSIONS

A. Validation of the FEM optimization method

The method of optimizing FRFs was first applied to a

PVC-U beam for measurements performed at a temperature

of 21 �C. The reason for using a PVC-U specimen as valida-

tion of the method is that the material is homogenous with a

relatively small frequency dependency. The specimen was

modeled by the following simple relationship,

E� ¼ E1ð1þ giÞ (10)

FIG. 6. (Color online) Convergence study of the finite element mesh.

FIG. 7. The mesh of the finite element model.

FIG. 8. The measured and fitted theoretical FRF of the beam shaped PVC-U

specimen.
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Values of the storage modulus (E1), the loss factor (g), and

Poisson’s ratio (�), giving the best possible match between

the FRFs, were estimated in the optimization process. The

match of the theoretical FRF of the PVC-U specimen to the

measured FRF is presented in Fig. 8. The optimization of the

FRF resulted in a dynamic modulus (|E*|) of 3385.53 MPa

and a Poisson’s ratio of 0.31. This result is comparable to

statically determined elastic moduli of PVC-U material

reported in literature to be in the range of 2600 to 3300 MPa

(Motavalli et al., 1993).

B. Parameter analysis

Figure 9 presents a parameter analysis of Poisson’s ratio

where it can be seen that the FRFs at the lower half of the

frequency range are not so sensitive to the coefficients a and

b in the used Poisson’s ratio relationship [Eq. (6)]. This may

aggravate an accurate estimation of Poisson’s ratio if a wider

frequency range is not used to match the FRFs.

A parameter study of the low frequency modulus (E0)

showed that this parameter has a negligible influence of

the FRFs for reasonable values of asphalt concrete. The low

frequency modulus was therefore set to a fixed value of

100 MPa. This specific value is based on falling weight

deflectometer measurements performed by Ullidtz et al.

(2006), where the measurements resulted in a dynamic

modulus higher than 100 MPa for all tested temperatures in

field.

C. Results of the complex modulus and Poisson’s
ratio

Frequency ranges covering the three first resonance fre-

quencies have been used to estimate the complex moduli at

the different temperatures. However, the parameter study of

the influence of Poisson’s ratio to the FRFs showed that

Poisson’s ratio has a larger influence on higher resonance

frequencies (Fig. 9). Thus using the three first longitudinal

resonance frequencies was shown to not be enough to accu-

rately evaluate the coefficients a and b in Eq. (6). These

coefficients were therefore chosen to values of a¼�19 and

b¼ 2.95 (Gudmarsson et al., 2012). These values might not

provide the best possible match of the FRFs, but they give a

reasonable estimation of Poisson’s ratio. Moreover these

fixed values still contribute to a good match between theoret-

ical and measured FRFs (Fig. 10), which supports the previ-

ous approximation of the material constants a and b for this

specimen.

Figure 10 shows the match of the optimized FRFs to the

measured FRFs for four test temperatures. The figure

presents the results of the directly estimated master curve

through optimization of all FRFs simultaneously [Eq. (8)] as

well as results of the FRFs optimized for each temperature

separately [Eq. (5)]. A good match is seen especially for the

individual optimized FRFs [Eq. (5)] but also the optimiza-

tion of all FRFs simultaneously (Eq. (8)) shows a satisfying

match. These results show that the optimization method can

accurately describe the frequency dependent dynamic prop-

erties of an asphalt concrete specimen. Table II presents the

resulting parameter values of the FRF optimized master

curve using Eq. (8).

The resulting dynamic moduli (the absolute value of

the complex moduli) based on optimizing the FRFs for

each temperature separately [Eq. (5)] is presented in

Fig. 11 along with the dynamic moduli determined using

FIG. 9. (Color online) The influence of the pa-

rameters a and b in the relationship of Poisson’s

ratio [Eq. (6)] to the FRFs.

FIG. 10. (Color online) Measured and matched theoretical FRFs.

TABLE II. Estimated master curve parameters through optimization of all

FRFs simultaneously (where E0¼ 100 MPa, a¼ 19, b¼ 2.95 and Tref¼ 0 �C).

Parameter E1 a b s c1 c2

Value 37723e6 0.4239 0.3163 4.5072 14.9947 82.4206
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RAS (Gudmarsson et al., 2012). The FRFs optimized mod-

uli are estimated over a frequency range of minimum 500

Hz to maximum 18|000 Hz through the separately matched

FRFs. Table III presents values of the dynamic modulus for

some intermediate frequencies. A good agreement between

optimization of FRFs and RAS are seen at lower tempera-

tures. However, at higher temperatures, the agreement is

worse. A reason for the difference between the methods at

the higher temperatures could be due to limitations with the

half-power bandwidth method. This method has been used

to estimate the damping when applying RAS to a visco-

elastic material (Gudmarsson et al., 2012). Recent work by

Wang et al. (2012) has showed that the half-power band-

width method may overestimate the damping for multi-

DOF systems. An overestimation of the damping leads to a

higher modulus as can be seen in this case at the higher

temperatures. Furthermore, Wang (2011) showed that the

half-power bandwidth method is quite accurate for damping

ratios less than 0.1 but that the accuracy of the method

decreases with increasing damping ratios. Therefore the ac-

curacy of the RAS determined moduli may decrease when

the damping in the specimen increases with increasing tem-

peratures. At the highest test temperature (30.1 �C), it was

not possible to estimate the complex moduli using RAS due

to the high damping in the material.

Figures 12 and 13 present the master curve determined

by optimizing all FRFs at different temperatures simultane-

ously using Eq. (8) as well as the estimated moduli for each

set of temperatures using Eq. (5) plotted against the

reduced frequency. The master curve has been expressed

over a frequency range of 10�2 to 1012 Hz. The dynamic

modulus is shown in Fig. 12, and Fig. 13 shows the phase

angle, which is defined as tan�1 of the ratio between the

loss and storage modulus. A small deviation between the

two optimization approaches can be seen in the two figures.

This indicates that the asphalt concrete specimen has some

degree of deviance from a complete thermorheologically

simple behavior. However, the fit may be considered well

enough for engineering applications in pavement manage-

ment and design.

The Cole–Cole diagram (Fig. 14) emphasizes any dif-

ferences between the two optimization methods because

FIG. 11. (Color online) The results of the dynamic modulus using FRFs (�)

and RAS (�).

TABLE III. The dynamic modulus (in MPa) for different frequencies and temperatures determined through optimization of each FRF separately.

f (kHz)\T( �C) �24.4 �20.5 �15.1 �10.5 �5.4 �1.6 5.4 11.3 15.8 20.5 30.1

0.5 - - 34177 32071 30183 28254 24262 20670 17392 14387 8729

1 - - 34443 32524 30973 29218 25506 22160 19105 16129 10246

2 - - 34685 32917 31595 30010 26618 23552 20730 17855 11886

3 - - 34818 33124 31893 30404 27208 24316 21628 18841 12893

4 36687 36135 34909 33263 32080 30655 27602 24834 22237 19525 13626

6 36756 36219 35034 33446 32311 30973 28123 25530 23054 20462 14679

8 36805 36278 35120 33570 32456 31175 28468 26000 23604 21105 15436

10 36843 36324 35186 33662 32557 31321 28724 26350 24012 21590 -

12 36874 36362 35239 33736 32634 31432 28924 26628 24334 21978 -

14 36900 36394 35283 33796 32695 31521 29088 26857 24597 - -

16 36923 36421 35322 33848 - - - - - - -

18 36923 36445 - - - - - - - - -

FIG. 12. (Color online) The dynamic modulus master curve determined

through optimization of all FRFs simultaneously and the shifted dynamic

moduli determined using optimization of the FRFs for each temperature

separately.
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this diagram is independent of any shift factors [Eq. (7)].

The results of the complex modulus at different frequencies

and temperatures should all form a single curve in the

Cole–Cole diagram if the material is thermorheologically

simple (Cole and Cole, 1941; Levenberg, 2011). The Cole–

Cole diagram of the complex moduli is a further indication

of that constructing master curves using FRFs is a promis-

ing approach due to the relatively small deviation of the

separately optimized FRFs to the FRF optimized master

curve. The Cole–Cole figure also presents the results

obtained by applying RAS to the same specimen. The dif-

ference (previously shown in Fig. 11) between the FRF

optimization methods and RAS is highlighted in this figure.

These results support the theory of the half-power band-

width method being the reason for the deviation at higher

temperatures between RAS and optimization of FRFs.

IV. CONCLUSIONS

The method of optimizing FRFs is shown to be able to

give a good fit between theoretical and measured FRFs and

thereby accurately characterize the frequency dependent

dynamic properties of an asphalt concrete specimen. The

low strain complex modulus has been estimated over a fre-

quency range of minimum 500 Hz to maximum 18|000 Hz

through the separately optimized FRFs. The FRF optimized

master curve expresses the complex modulus over a wider

frequency range, approximately between 10�2 and 1012 Hz.

The separately estimated complex moduli are shown to have

a relatively small deviation from a unique curve in the Cole–

Cole space; this indicates that the method is promising in

characterizing the master curve of an asphalt concrete speci-

men. The fixed values of the material constants of Poisson’s

ratio are an approximation that may be improved, although

these values are shown to contribute to a good fit of the

FRFs. An important benefit with the proposed FRF method

is that it can be automated without any need for individual

mode identification and also extend the frequency range

used compared to the ASTM C215 standard and RAS.
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Abstract Seismic measurements and conventional cyclic
loading have been applied to a cylindrical asphalt concrete
specimen to compare the complex modulus and complex
Poisson’s ratio between the two testing methods. The seis-
mic moduli and Poisson’s ratio have been characterized
by optimizing finite element calculated frequency response
functions to measurements performed at different tempera-
tures. An impact hammer and an accelerometer were used to
measure the frequency response functions of the specimen
which was placed on soft foam for free boundary conditions.
The cyclic loading was performed by applying both tension
and compression to the specimen while measuring the dis-
placements in the axial and radial direction. The Havriliak–
Negami and the 2S2P1D model have been used to estimate
master curves of the complex modulus and complex Pois-
son’s ratio from the seismic and the tension–compression
tests. The seismic measurements performed at a lower strain
level than the tension–compression test give a higher absolute
value of the complex moduli (e.g. ∼12 % at 100 Hz) and
a lower phase angle compared to the tension–compression
results.
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1 Introduction

The complex modulus of asphalt concrete is a fundamen-
tal parameter in pavement design. It is therefore important
with an economic and accurate test method to measure the
temperature and frequency dependent complex modulus of
asphalt concrete. The high cost and complexity of perform-
ing conventional testing based on cyclic loading introduces
a need for alternative methods that are more economical.
Nondestructive seismic measurements are economic, sim-
ple to perform and well known for accurate characterization
of materials properties in many different applications [1].
Furthermore, laboratory seismic testing can be directly com-
pared to seismic field measurements, which enables nonde-
structive quality control of pavements [2].

Laboratory seismic testing of asphalt concrete to deter-
mine the complex moduli have been performed through
wave propagation measurements [3–5] and by measure-
ments of the asphalt concrete specimens fundamental res-
onance frequencies [6–8]. In these tests, simplified approx-
imate formulations have been used to determine a complex
modulus for each measurement temperature and mode type
[9]. A wide range of mixtures have been tested and the
results have shown a promising agreement to conventional
cyclic loading test results of the Young’s modulus, expressed
over a wide frequency and temperature range (i.e. the mas-
ter curve). However, seismic complex modulus determined
only at one loading frequency per measurement tempera-
ture has been compared to conventional determined master
curves. This sparse amount of seismic data points is a lim-
itation of applying the simplified approximate fundamental
mode formulations. Therefore, master curves cannot be esti-
mated through these applications of seismic testing with-
out additional test methods. Other seismic testing of asphalt
concrete has applied three-dimensional numerical methods
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(resonant acoustic spectroscopy) to calculate resonance fre-
quencies for different mode types of cylindrical discs and
beams [10,11]. Although, resonant acoustic spectroscopy
makes it possible to determine the complex modulus at sev-
eral resonance frequencies per temperature, it may still not
provide enough information to estimate a master curve for
viscoelastic materials. Through the use of frequency response
functions (FRFs) it has been shown that other viscoelastic
materials can be characterized over a wide and fine sampled
frequency range [12–14]. Therefore, the master curve esti-
mation of asphalt concrete can be facilitated through FRF
measurements of a specimen since the determination of the
complex modulus is not limited to the resonance frequen-
cies. Laboratory FRF measurements of asphalt concrete have
shown to be a promising method to determine the complex
modulus master curve [15]. The application of FRFs enables
a detailed comparison between seismic and conventional
measurements over a wider frequency range, where possible
effects of different applied strain levels may be studied. This
is interesting since e.g. Doubbaneh [16] showed that there is
a reduction of the dynamic modulus with increasing strain
levels between 30 and 800 micro-strains. These effects can be
further studied down to strain levels around approximately
0.1 micro-strains [15] through the combination of seismic
and tension–compression tests. However, a master curve of
asphalt concrete based only on seismic measurements has
previously not been compared to conventional cyclic load-
ing test results. The combination of conventional and seismic
testing has previously shown to be useful to improve the char-
acterization of other materials as for example different types
of sands [17,18].

In this paper, linear viscoelastic properties (complex mod-
ulus and complex Poisson’s ratio) of an asphalt concrete
specimen are determined through seismic measurements and
conventional cyclic loading. The applied seismic test method
includes measurements of FRFs at different temperatures and
optimization of calculated FRFs against the measured FRFs
to characterize the material properties. The cyclic test is per-
formed by applying both tension and compression loading
while measuring the axial and radial displacements of the
specimen. Master curves of the complex modulus and com-
plex Poisson’s ratio estimated from both methods are then
compared.

2 Methodology

The tests presented in this paper have been performed at
the University of Lyon, Ecole Nationale des Travaux Publics

de l’Etat (ENTPE) in the laboratory of Departement Génie
Civil et Bâtiment. The seismic testing was performed before
the tension–compression test since the seismic measurements
is completely nondestructive. The tension–compression test
requires gluing of the top and bottom of the specimen, which
disables further types of testing to the specimen without
changing the dimensions of the specimen. The details of the
materials and the two test procedures are presented in the
following sections.

2.1 Materials

Seismic and tension–compression tests have been applied
to a cylindrical shaped specimen with a height of 122.63
mm, diameter of 74.09 mm and a density of 2,607 kg/m3.
The specimen was cored from a slab that was compacted
by a French Roller Compactor at Eiffage Travaux Publics
in France. The dimensions of the compacted slab were
600(122.63) × 400 × 120(74.09) mm, where the values in
the parentheses shows the direction of the cored specimen
within the slab. The roller moved over the slab in the direction
of the longest side (600 mm)—hence the horizontal rolling
direction was along the height of the specimen. The com-
pacted asphalt mixture consists of aggregates with a grada-
tion according to Table 1 and pure bitumen with penetration
grade of 35–50. The binder content of the mix is 4.45 % by
weight. The specific specimen has been a part of a round robin
test organized by the RILEM technical committee 237-SIB:
Testing and characterization of sustainable innovative bitu-
minous materials and systems, where a number of different
groups has performed complex modulus tests of specimens
cored from roller compacted slabs of the same asphalt mix-
ture (labeled GB3) [19].

2.2 Seismic Measurements

The applied method to characterize linear viscoelastic prop-
erties through seismic testing includes three parts; measure-
ments of the FRFs, finite element calculations of FRFs and
an optimization procedure to match calculated and measured
FRFs.

2.2.1 Measuring FRFs

The test set-up of the seismic measurements is illustrated
in Fig. 1. An impact hammer (PCB model 086E80) is used
to manually apply a load impulse to the specimen and an
accelerometer (PCB model 352B10), attached by wax, is

Table 1 Gradation of the
asphalt concrete mixture (GB3)

Sieve size (mm) 0.063 0.125 0.25 0.5 1 2 3.15 4 5 6.3 10 12.5 14 16 20

% Passing 7.5 11 14 20 26 36 42 45 48 53 65 86 94 99 100
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Fig. 1 Illustration of the seismic test set-up of the flexural (a) and
longitudinal modes of vibration (b)

used to measure the standing wave modes. The weight of
the accelerometer is 0.7 g and is assumed to not affect the
response of the specimen. The specimen is placed on soft
foam to achieve free boundary conditions [6]. A signal con-
ditioner (PCB model 480B21), a data acquisition device
(NI DAQPad-6015) and a computer are connected to the ham-
mer and the accelerometer according to Fig. 1. The sampling
frequency, which is depending on the data acquisition device,
was in these measurements set to 90 kHz.

The measurements were performed at the temperatures of
−21.0, −1.0, 14.5, 19.2, 29.2 and 39.3 ◦C while the speci-
men was located inside a temperature chamber. The door to
the chamber was opened to manually apply the load. This
caused a small change of the temperature inside the chamber
but it is assumed that the temperature of the specimen was
not changed during the short time of the measurements (∼10
to 20 s). The flexural mode of vibration was measured by
placing the accelerometer at the edge of one of the two short
sides of the specimen while hitting the opposite point on the
other short side with the hammer (see Fig. 1a). For the lon-
gitudinal mode the impact and the measurement point were
positioned opposite to each other in the middle of the two

short sides (illustrated by Fig. 1b). The flexural and the lon-
gitudinal modes of vibration of the cylindrical specimen were
excited by five impacts each and a FRF has been calculated
from the average of these five impacts for each measurement
temperature. Figure 2a shows the measured acceleration in
time domain at −21.0 ◦C for the flexural and the longitudinal
mode of vibration. Note in Fig. 2a that the record length of the
response is chosen depending on the temperature due to the
increasing damping for increasing temperatures of asphalt
concrete. Figure 2b shows the measured FRF and Fig. 2c
the coherence function where a value of one means that the
response is completely explained by the load impulse. The
main deviations from one in the coherence function presented
in Fig. 2c coincide with amplitude minimum in the measured
FRF at frequencies where there is little amount of energy. The
FRFs of the specimen at each temperature were calculated
according to Eq. 1,

H( f ) =
(

Y ( f ) · X∗( f )
)
/
(

X ( f ) · X∗( f )
)
, (1)

where H( f ) is the FRF, Y ( f ) is the measured acceleration,
X ( f ) is the measured applied force, X∗( f ) is the complex
conjugate of the applied force and the bar above represents
the arithmetic mean.

2.2.2 Calculating Theoretical FRFs

Theoretical FRFs have been calculated through the finite ele-
ment method, using the following three-dimensional equa-
tion of motion in frequency domain [20],

− ρω2u − ∇ · σ = Fpeiφ, (2)

Fig. 2 The measured dynamic
response of the asphalt concrete
specimen in time domain (a),
the frequency response function
(b) and the coherence function
(c) at −21.0 ◦C
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where ρ is the density, ω is the angular frequency (ω = 2π f ),
u is the displacement vector,∇ is the vector operator (∇=
[∂/∂ X , ∂/∂Y , ∂/∂ Z ]), i is the square root of −1 and σ is the
Cauchy stress tensor according to Eq. 3;

σ = C : ε

ε = 1
2

[
(∇u)T + ∇u

]
,

∇u =
⎡
⎣

∂u
∂ X

∂u
∂Y

∂u
∂ Z

∂v
∂ X

∂v
∂Y

∂v
∂ Z

∂w
∂ X

∂w
∂Y

∂w
∂ Z

⎤
⎦

(3)

where C is the fourth-order stiffness tensor built up by the
complex modulus (E∗) and complex Poisson’s ratio (v∗), ε

is the strain tensor, the “:” is the double contraction operator
[21], (X, Y, Z ) are the constant material (reference) coordi-
nates and (u, v, w) are the global Cartesian components of
the displacement vector u. Fp is a point load equal to 1 N
and φ is the phase of the cyclic load [20].

The point load in the model has been applied to the corre-
sponding points of the hammer impact in the measurements
of the flexural and longitudinal modes of vibration. Simi-
larly, the response has been determined at the points corre-
sponding to the actual placement of the accelerometer. The
computation of the model was performed in steps of 20 Hz in
a frequency range of 100–20,000 Hz. The mesh consists of
tetrahedral elements with a maximum element size of 2 cm
and quadratic shape functions. The maximum element size
was determined through a convergence study.

2.2.3 Optimizing FRFs

The complex modulus and complex Poisson’s ratio are esti-
mated by optimizing the finite element calculated FRFs
against the measured FRFs. For this purpose any appropri-
ate model to characterize the linear viscoelastic properties of
asphalt concrete can be used [22]. In this paper, the complex
modulus and complex Poisson’s ratio is expressed by the
2S2P1D model [23] and the Havriliak–Negami (HN) model
[24] to include a comparison between these models capabil-
ity to characterize the behavior of asphalt concrete. This is
interesting since fewer parameters in the models reduce the
computational time which gives a practical advantage when
optimizing FRFs. The HN and 2S2P1D models consist of
five and seven parameters, respectively.

The 2S2P1D model has shown to be able to match cyclic
tension–compression measured complex modulus and com-
plex Poisson’s ratio of asphalt concrete with good accuracy
[23,25,26]. 2S2P1D stands for two springs, two parabolic
elements and one dashpot and the complex modulus (E∗) is
expressed according to Eq. 4, as it was presented by Olard
and Di Benedetto [23]:

E∗(ω) = E0 + (E∞ − E0)

1 + δ(iωτ)−k + (iωτ)−h + (iωβητ)−1 ,(4)

where E0 is the static/low frequency modulus when ω →0,
E∞ is the high frequency modulus when ω → ∞, δ is a con-
stant, k and h are exponents according to 0< k < h <1, βη is
dimensionless giving the Newtonian viscosity (η) according
to η= (E0 - E∞)βητ , and τ is characteristic time depending
only on the temperature.

Di Benedetto et al. [26] extended the 2S2P1D model to
characterize complex Poisson’s ratio (v∗) giving Eq. 5,

v∗(ω)=v0+ (v∞−v0)

1+δ(iωτv)−k +(iωτv)−h +(iωβητv)−1 , (5)

where v0 is the low frequency Possion’s ratio when ω →0
and v∞ is the high frequency Poisson’s ratio when ω → ∞.
Note that the same value of the parameters δ, k, h, and βη are
used to determine both the complex modulus and complex
Poisson’s ratio in the 2S2P1D model [26], while τ is deter-
mined uniquely for Poisson’s ratio and is therefore labeled
here as τv .

The HN model is known to accurately model viscoelas-
tic materials [24,27,28], and has previously been applied
to characterize the complex modulus of asphalt concrete
through seismic testing [15]. The HN model has also been
applied to match conventional complex moduli measure-
ments [29]. Equation 6 presents the formulation of the HN
model applied in this paper,

E∗(ω) = E∞ + (E0 − E∞)

[1 + (iωτ)α]β
, (6)

where α describes the frequency dependency, β governs the
asymmetry of the loss factor peak, and τ is the relaxation
time.

The empirical HN model is here also formulated to char-
acterize a complex Poisson’s ratio according to Eq. 7,

v∗(ω) = v∞ + (v0 − v∞)

[1 + (iωτv)αv ]βv
, (7)

where αv , βv and τv governs the same factors as in Eq. 6, but
for complex Poisson’s ratio instead of the complex modulus.

Through the Eqs. 4–7, the complex modulus and com-
plex Poisson’s ratio can be estimated so that calculated FRFs
matches the measured FRFs for each measurement temper-
ature. Similarly, master curves can be directly optimized by
adding temperature dependent shift factors to the Eqs. 4–7.
This operation is based on the assumption that the mate-
rial is thermo-rheological simple, which is often true for
asphalt concrete [15,23,25,26,30]. Thermo-rheological sim-
ple means that the material properties measured at a low tem-
perature and low frequency are the same at a higher tempera-
ture and higher frequency, or vice versa. Thus, measurements
at different temperatures or frequencies can be shifted to a
single continuous curve (i.e the master curve). This means
that all of the FRFs measured at different temperatures can be
used simultaneously to directly estimate the master curves.
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Equation 8 presents the complex modulus of the HN model
where the Williams–Landel–Ferry shift factors (αT ) have
been substituted to Eq. 6 to include the temperature depen-
dency of the material,

E∗(ω, T ) = E∞ + (E0 − E∞)

[1 + (iωαT (T )τ )α]β
. (8)

The same approach has been applied to the HN model of
complex Poisson’s ratio (Eq. 7) and to the 2S2P1D model
for both complex modulus (Eq. 4) and complex Poisson’s
ratio (Eq. 5). Equation 9 presents the Williams-Landel-Ferry
equation used to calculate the shift factors,

log αT (T ) = −c1(T − Tre f )

c2 + T − Tre f
, (9)

where T is the test temperature, Tre f is the reference temper-
ature and c1 and c2 are material constants [31].

COMSOL Multiphysics 4.3 and MATLAB were used to
perform the optimization of the FRFs. The theoretical FRFs
were calculated in COMSOL and the pattensearch function
in MATLAB was applied to automatically and objectively
minimize the difference between the measured and calculated
FRFs. The following objective function was used to minimize
the error between the FRFs,

Error =
N∑

i=1

(∣∣HM Normi

∣∣ ×
∣∣∣∣∣

∣∣HMi

∣∣ − ∣∣HTi

∣∣
∣∣HMi

∣∣

∣∣∣∣∣

)
, (10)

where HM Norm is the normalized measured FRF, HM is the
measured FRF, HT is the theoretical FRF, N is the num-
ber of data points and i is the index of the data point. 40
frequencies were used to calculate the error and normalized
measured FRFs were used to weigh the frequencies around
the resonances higher.

2.3 Tension–Compression Measurements

Figure 3 show the set-up for the cyclic (sinusoidal) loading
test to determine the complex modulus and complex Pois-
son’s ratio. The top and bottom of the specimen is glued so
both tension and compression loading can be applied. The
axial stresses (σ ∗

1 = σ1 · ei(ωt+φE)) are determined from a
load cell and the axial strains (ε∗

1 = ε1 · eiωt ) are determined
form the average of three extensometers placed in the mid-
dle part of the specimen, measuring the displacements in the
vertical direction. The extensometers have a length of 75 mm
and are positioned around the specimen with a 120◦ distance
between each other. Two non-contact sensors placed hori-
zontally measures the radial strains (ε∗

2 = −ε2 · ei(ωt+φv)).
The complex modulus at different loading frequencies and
temperatures are calculated according to Eq. 11,

E∗(ω) = σ ∗
1

ε∗
1

= ∣∣E∗(ω)
∣∣ eiφE , (11)

Fig. 3 Test set-up of the tension–compression complex modulus and
complex Poisson’s ratio measurements

and complex Poisson’s ratio according to Eq. 12,

v∗(ω) = −ε∗
2

ε∗
1

= ∣∣v∗(ω)
∣∣ eiφv , (12)

where φE and φv is the phase angle of the complex modu-
lus and complex Poisson’s ratio, respectively [19,26]. The
tension–compression test was performed by controlling the
strain amplitude to 50 µm/m.

The tension–compression test was performed at nine tem-
peratures between −30 and 40 ◦C and at seven loading fre-
quencies (0.01, 0.03, 0.1, 0.3, 1, 3 and 10 Hz). From these
tests, the 2S2P1D and the HN model were used to determine
the master curves of the complex modulus and complex Pois-
son’s ratio.

3 Results and Discussion

3.1 Tension–Compression Test Results

The tension–compression determined complex moduli and
complex Poisson’s ratio is presented in Figs. 4 and 5, respec-
tively. The nine measurements temperatures enabled the
complex moduli to be determined over a wide frequency
range. The Cole–Cole diagram (Fig. 4c) shows a good con-
tinuity of the measurements performed at different tempera-
tures, which indicates a good accuracy of the test. In Fig. 5b
and c there is some scatter visible in the measured complex
Poisson’s ratio, where all the deviating points are the results
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Fig. 4 Tension–compression
complex modulus test results,
where the 2S2P1D model and
the Havriliak–Negami model
have been fitted to the
measurements. a presents the
master curve of the absolute
value of the complex modulus, b
the phase angle master curve
and c the Cole–Cole diagram of
the complex modulus
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Fig. 5 Tension–compression
complex Poisson’s ratio test
results, where the 2S2P1D
model and the
Havriliak–Negami model have
been fitted to the measurements.
a) presents the master curve of
the absolute value of complex
Poisson’s ratio, b the phase
angle master curve and c the
Cole–Cole diagram of complex
Poisson’s ratio
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from measurements at 10 Hz. These points have not been con-
sidered in the fit of the HN and 2S2P1D master curves. Both
of the applied models (HN and 2S2P1D) provide a good fit of
the master curve to the absolute values of the complex mod-

ulus as can be seen in Fig. 4a. The models also give a similar
fit in the Cole–Cole diagram (Fig. 4c). Regarding the phase
angle presented in Fig. 4b, there is a noticeable difference
of the models ability to match the phase angle at lower
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Table 2 Estimated parameter
values of the HN model to
match the tension–compression
measurements

Model E0 (MPa) E∞ (MPa) v0 v∞ α β τ (s) c1 c2

HN (E∗) 11.31 47377 – – 0.463 0.212 4.50 37.0 210.3

HN (v∗) – – 0.406 0.150 0.316 0.578 7.02 37.0 210.3

Table 3 Estimated parameter
values of the 2S2P1D model to
match the tension–compression
measurements

Model E0 (MPa) E∞ (MPa) v0 v∞ δ k h βη τ (s) c1 c2

2S2P1D (E∗) 23.17 45556 – – 1.95 0.164 0.534 777.9 1.59 37.0 210.3

2S2P1D (v∗) – – 0.432 0.138 1.95 0.164 0.534 777.9 284.6 37.0 210.3

frequencies. This may be a consequence of the two extra para-
meters h and βη in the 2S2P1D model compared to the HN
model. The differences between the HN and 2S2P1D model
seen in Fig. 5b and c of complex Poisson’s ratio is most likely
due to that the HN model was applied with unique parameters
for Poisson’s ratio while the 2S2P1D model was applied with
the already estimated complex modulus parameters (except
for τ ) according to Di Benedetto et al. [26].

The estimated values of the unknown coefficients in the
HN model are presented in Table 2 and the values for the
2S2P1D model are presented in Table 3. In total 12 unknown
parameters have been estimated to match the HN model to
the tension–compression measurements (five for the complex

modulus, five for complex Poisson’s ratio and two for the shift
factors). 12 unknown parameters are also to be estimated
when applying the 2S2P1D model (seven for the complex
modulus, three for complex Poisson’s ratio and two for the
shift factors). However, since the shift factors should be the
same independent of the two models, the estimated shift fac-
tors from the HN model were applied to the 2S2P1D model
reducing the unknown parameters to ten.

3.2 Seismic Test Results

Figure 6 show the measured and finite element calculated
FRFs, where the theoretical FRFs have been calculated for

Fig. 6 Measured and finite
element calculated FRFs of the
flexural and the longitudinal
modes of vibration
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Table 4 Optimized parameter
values of the HN master curve
model to match the seismic
measurements

Model E0 (MPa) E∞ (MPa) v0 v∞ α β τ (s) c1 c2

HN 11.31 47058 0.5 0.239 0.492 0.205 20.26 36.6 207.4

Table 5 Optimized parameter
values of the 2S2P1D master
curve model to match the
seismic measurements

Model E0 (MPa) E∞ (MPa) v0 v∞ δ k h βη τ (s) c1 c2

2S2P1D 17.56 46148 0.5 0.239 1.516 0.142 0.545 554.8 1.158 36.6 207.4

each model (HN and 2S2P1D). The presented calculated
FRFs are the results of the master curve optimization. One
set of parameters for the HN and 2S2P1D models have been
estimated together with the shift factors. The values of the
estimated parameters are presented in Tables 4 and 5 for the
HN and 2S2P1D model, respectively. In total seven parame-
ters of the HN model were needed to be evaluated to obtain
a good fit of the calculated FRFs to the measured FRFs. The
seven parameters optimized for this purpose were: the high
frequency modulus (E∞), the high frequency Poisson’s ratio
(v∞), α, β, τ and the shift factors c1 and c2. In contrast to
the tension–compression test, the same values of the para-
meters α, β and τ were used in both the complex modulus
relationship (Eq. 6) and Poisson’s ratio relationship (Eq. 7).
This simplification saved calculation time and still provided
a good match of the FRFs for each temperature. Furthermore,
the low frequency asymptotic parameters E0 and v0 have a
very small influence on the FRFs for reasonable values of
asphalt concrete. Therefore, the low frequency parameters
can be assumed to common values of asphalt concrete [15].
In this case, the parameter E0 was assumed to same value
as determined by the tension–compression test and v0 was
assumed to 0.5. Both of these assumptions were able to pro-
vide a good match of HN calculated and measured FRFs.
There are nine parameters to estimate for the 2S2P1D model
(E∞, v∞, δ, k, h, τ , βη, c1 and c2) when applying the same
approach as the HN model. However, by using the shift fac-
tors determined from the HN model the number of parameters
needed to provide a good match of the FRFs can be reduced
to seven for the 2S2P1D model. Figure 7 presents the shift
factors determined through the master curve estimation of
the tension–compression test and through the seismic master
curves optimization of FRFs.

The measured FRFs of both the flexural and longitudinal
modes of vibration have been used as input in the optimiza-
tion of the calculated theoretical FRFs at four of the six tem-
peratures (−21.0 to 19.2 ◦C). At the two highest temperatures
(29.2 and 39.3 ◦C) only the longitudinal modes of vibration
have been used as input to the optimization. This is due to the
mismatch in amplitude between the calculated and measured
flexural FRF that can be seen in Fig. 6 at 29.2 ◦C. A good
fit of the resonance frequencies as well as the amplitude was
obtained for the longitudinal mode of vibration at these two
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Fig. 7 Shift factors determined from the tension– compression test and
from the seismic test method

higher temperatures, while only the resonances matched for
the flexural mode of vibration for the same parameter estima-
tion. An attempt to adapt the calculated FRFs to the amplitude
of the measured flexural mode of vibration resulted in too low
amplitude of the longitudinal mode and in an unrealistic high
loss modulus compared to both the previous analyzed tem-
peratures and the tension–compression test results. However,
this lower amplitude did not have a significant effect on the
resulting dynamic modulus.

The current seismic results of this specimen show a higher
damping ratio of the flexural mode of vibration compared
to the longitudinal mode at the two highest temperatures.
This may, for asphalt concrete, indicate that there are differ-
ences in the damping ratio/phase angle due to different mode
types. Previous seismic measurements investigating possi-
ble anisotropy of a beam shaped asphalt concrete specimen
gave close results of the flexural modes of vibration in two
different directions [11]. However, the longitudinal mode of
vibration gave a larger difference than the shown anisotropy
of the different directions. Clec’h et al. [32] reported results
of anisotropy that showed differences of the moduli at higher
frequencies but similar moduli at lower frequencies. Further-
more, a similar phase angle was measured of the different
directions [32]. Therefore, it is possible that different mode
types may have a higher influence to the complex behav-
ior than the anisotropy in different directions. However, at
this stage further seismic measurements of different modes
of vibration are needed to clarify the different response of
asphalt concrete to compression, bending and shear loading.
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3.3 Comparing Seismic and Tension–Compression Test
Results

Figure 8 presents the absolute value of the complex modulus
for the tension–compression and the seismic test. The figure
shows the clear difference of the applicable frequency ranges
of the seismic and tension–compression tests, where the seis-
mic moduli have been characterized in the range of 500–
17,000 Hz for each measurement temperature. Although,
the moduli are presented at two different frequency ranges,
it is noticeable that the seismic method seems to give lit-
tle higher moduli at some temperatures that can not only

be explained by the higher frequencies. This indicates that
the lower applied strain level in the seismic test results in a
higher absolute value of the complex moduli compared to
the tension–compression test. Note also in Fig. 8 that the two
models (HN and 2S2P1D) applied to determine the seismic
moduli give very similar results.

The higher seismic moduli are shown more clearly in
Fig. 9, where the master curves of the tension–compression
and seismic test are compared. This figure shows that the
seismic test method results in a higher absolute value of
the complex modulus (Fig. 9a) and in a lower phase angle
(Fig. 9b) compared to the tension–compression test. At the

Fig. 8 Seismic modulus
compared to the
tension–compression modulus
at the measurement
temperatures and frequencies
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Table 6 Comparison of the
absolute values of the complex
modulus master curve at Tre f =
9.3 ◦C determined through
seismic (HN model) and
tension–compression testing

f (Hz) 0.1 1 10 100 1000 10000 100000 1000000

|E*|seismic (MPa) 13133 19342 24802 29311 32947 35852 38165 40003

|E*|T C (MPa) 9199.7 15212 21085 26171 30369 33768 36500 38689

|E*|seismic/ |E*|T C (%) 42.8 27.2 17.6 12 8.5 6.2 4.6 3.4

Fig. 10 Comparsion of
complex Poisson’s ratio
determined by the seismic and
tension–compression test,
including the absolute value (a),
the phase angle (b), and the
imaginary and real part of
complex Poisson’s ratio (c)
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same time, the complex moduli expressed in the Cole–Cole
space (Fig. 9c) show a good agreement between the seis-
mic and the tension–compression master curves, even if the
loss moduli at 29.2 and 39.3 ◦C are slightly higher for the
seismic determined complex moduli. Table 6 presents the
seismic (HN model) and the tension–compression absolute
values of the complex modulus. Note that the difference
between the seismic and the tension–compression |E*|
master curves corresponds approximately to a tempera-
ture change of 3.1 ◦C. For example, expressing the seis-
mic master curve at a reference temperature of 12.4 ◦C
gives a better agreement to the tension–compression mas-
ter curve.

Results presented by Rollins et al. [33] gives that a unique
curve independent of the strain level is obtained in the Cole–
Cole diagram for non-viscous materials as gravels. For vis-
cous materials as asphalt concrete, a unique curve is obtained
independently of loading frequency and temperature if the
material is thermo-rheological simple. However, for asphalt
concrete it is not clarified if different strain levels affects
the loss factor (=loss modulus/storage modulus) in the same

direction for different frequencies and temperatures in the
Cole–Cole space. Due to the viscoelasticity of asphalt con-
crete the direction of the loss factor change due to different
strain levels may depend on the temperature and loading fre-
quency. Since a lower strain level results in a higher absolute
value of the modulus and in a lower phase angle, the loss fac-
tor should be lower for the seismic modulus compared to a
modulus at the same frequency and temperature determined
from the tension–compression test. When comparing Figs.
4c and 9c it can be seen that the seismic test gives a lower
loss factor compared to the tension–compression results mea-
sured at the same temperature. The seismic results are there-
fore located to the right of the tension–compression results
measured at the same temperature, closely along a unique
curve in the Cole–Cole space. However, this shift to the right
along the curve is mainly due to the higher loading frequen-
cies applied in the seismic tests compared to the tension–
compression test, and a much smaller part is due to the lower
applied strain levels.

The results presented in Fig. 10 show that complex Pois-
son’s ratio differs between the two methods. The values
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of complex Poisson’s ratio determined by the tension–
compression test could not contribute to an optimum fit of the
calculated FRFs to the measured FRFs. Complex Poisson’s
ratio measured by the tension–compression test led to a mis-
match of the distance between the first and second resonance
frequency for the calculated resonance frequencies compared
to the measured resonances. The match of the FRFs shown in
Fig. 6 was only possible with the seismic Poisson’s ratio pre-
sented in Fig. 10. The biggest difference of the absolute value
of Poisson’s ratio between the two methods is approximately
0.1, which corresponds to a change in the specimen diame-
ter of ∼0.4 µm when measuring Poisson’s ratio through the
tension–compression test.

4 Conclusions

The comparison of the two test methods show that the
seismic test gives a higher absolute value of the com-
plex modulus and a lower phase angle than the tension–
compression test. Since the seismic test is performed at a
lower strain level than the tension–compression test, these
are expected results and agree with previous research of
the strain level dependency of asphalt concrete as well as
for other materials. The study shows that seismic measure-
ments in combination with conventional tests are useful to
increase the knowledge of the nonlinear behavior of asphalt
concrete.

The seismic measurements show that the HN and the
2S2P1D model give very similar results of the complex mod-
ulus and complex Poisson’s ratio when they are applied to
calculate frequency response functions through the finite
element method. The fit of the models to the tension–
compression test resulted in almost the same master curve of
the absolute value of the complex modulus. Looking more
closely at the damping properties there are some differences
between the models which is most likely due to the extra
number of parameters in the 2S2P1D model.

The seismic test indicates that there are differences in
the damping properties of the asphalt concrete specimen at
higher temperatures that may depend on different modes of
vibration. However, these results need further investigation.

The results of complex Poisson’s ratio differ between the
seismic and tension–compression test method, since an opti-
mum fit of the FRFs could not be obtained with the tension–
compression measured Poisson’s ratio.
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Abstract. The complex moduli and complex Poisson’s ratio of two cylindrical 
asphalt conrete specimens have been determined through modal testing in this paper. 
These results have been compared to cyclic tension-compression measured complex 
moduli and complex Poisson’s ratio of asphalt concrete specimens with different 
dimensions. The modal testing has been performed by measuring frequency response 
functions of the specimens using an impact hammer and an accelerometer. The 
material properties have been characterized by matching finite element computed 
frequency response functions to the measurements. The results of the different 
specimens show that the modal test systematically give a slightly higher absolute 
value of the complex moduli compared to the cyclic testing. The differences are most 
likely a result of the different strain levels applied in the two test methods. However, 
the modal and cyclic tension-compression testing resulted in similar values of the 
complex Poisson’s ratio for the two different asphalt concrete mixtures despite the 
different applied strain levels. 
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1 Introduction 

There is a need for simple and economic test methods to measure the linear 
viscoelastic material properties of asphalt concrete. Modal testing is widely known to 
be economic, accurate and simple to perform which makes it advantageous compared 
to costly conventional cyclic loading test methods to measure the complex moduli 
(Di Benedetto et al. 2001). Nondestructive test methods based on impact modal 
testing have shown great potential in characterizing the temperature and frequency 
dependent complex moduli of asphalt concrete (Ryden 2011; Gudmarsson et al. 
2012a; Gudmarsson et al. 2012b; Gudmarsson et al. 2014a; Gudmarsson et al. 
2014b). In addition, wave-based measurements can be used for nondestructive 
quality control and quality assurance of pavement materials by e.g. comparing 
laboratory and field measured complex moduli (Whitmoyer and Kim 1994; Ryden 
and Park 2006). 

Alternative test methods to conventional testing have measured fundamental 
resonance frequencies of asphalt concrete specimens and applied simplified 
analytical formulations to derive a complex modulus at different temperatures 
(Whitmoyer and Kim 1994; Kweon and Kim 2006; Lacroix et al. 2009). Limitations 
of this approach are that the analytical approximate formulations are valid only for 
certain specimen geometries and that the complex modulus can be determined for 
only one frequency per temperature. Ultrasonic test methods applied to asphalt 
concrete has also been based on simplified analytical formulations and suffers 
therefore from the same limitations (Nazarian et al. 2005; Di Benedetto et al. 2009; 
Norambuena-Contreras et al. 2010; Mounier et al. 2012; Larcher et al. 2014). These 
alternative test methods to conventional testing have not been able to characterize the 
frequency dependency of asphalt concrete. However, through measurements of 
frequency response functions (FRFs) it has been possible to determine master curves 
of asphalt concrete that describe the viscoelastic material properties as a function of 
frequency and temperature (Gudmarsson et al. 2012b; Gudmarsson et al. 2014a; 
Gudmarsson et al. 2014b). FRFs are determined by dividing the measured response 
with the measured applied force in frequency domain. The characterization of the 
frequency dependency of the asphalt concrete through modal testing has been 
enabled by combining numerical computations with measured FRFs (Gudmarsson et 
al. 2012b). This approach was developed for a beam shaped asphalt concrete 
specimen in Gudmarsson et al. (2012b) and further applied to a cylindrical specimen 
to compare the method to conventional cyclic tension-compression tests in 
Gudmarsson et al. (2014a). As expected, the comparison between the two test 
methods showed small differences of the complex moduli due to the known 
nonlinearity of asphalt concrete  and because different strain levels are applied in the 
two test methods (cf. e.g. Airey and Rahimzadeh 2004; Nguyen et al. 2014; 
Doubbaneh 1995). However, the results showed large differences between the two 
methods regarding the complex Poisson’s ratio. Although, the reasons for the 
different results of complex Poisson’s ratio could not be fully determined, it was seen 
that the tension-compression measured complex Poisson’s ratio did not agree with 
the measured FRFs. Therefore, further comparisons of complex Poisson’s ratio of 
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asphalt concrete determined through modal and tension-compression measurements 
are needed. It is also of interest to further apply the modal test to specimens with 
different dimensions and to quantify the applied strain levels at different 
temperatures. 

In this paper, modal testing of two asphalt concrete specimens have been performed 
to enable further comparisons of the complex moduli and complex Poisson’s ratio to 
cyclic tension-compression test results. The linear viscoelastic properties of 
specimens with different dimensions are compared. The results presented show that 
the modal and tension-compression test methods are able to give similar complex 
Poisson’s ratio. 

2 Methodology 

The applied methodology to determine the material properties of the asphalt concrete 
specimens includes modal testing to measure FRFs and numerical computations of 
FRFs that are optimized to match the measurements. The modal testing has been 
performed to two cylindrical specimens from two different asphalt mixes called GB3 
and GB5® (Olard 2012). These measurements have been compared to results of 
conventional cyclic tension-compression testing performed to cylindrical specimens 
of the same mixes but with different dimensions. The modal and tension-
compression measurements have been performed at the University of Lyon, Ecole 
Nationale des Travaux Publics de l’Etat (ENTPE), Laboratorie Génie Civil et 
Bâtiment. Results from a total of eight different specimens are presented here, where 
two specimens have been tested through modal testing, five specimens through 
tension-compression measurements and one specimen have been tested by both 
modal and cyclic tension-compression measurements (Gudmarsson et al. 2014a). The 
specimens have been produced at the same time at Eiffage Travaux Publics in France 
but tested at different times. Therefore, there may be small differences in the material 
properties of the specimens due to aging of the binder. However, research has shown 
that even if aged binders show significant physical hardening effects, the asphalt 
mixtures are less affected by the aged binder (Falchetto and Marasteanu 2011). The 
mixes have been part of a round robin test (RILEM technical committee 237-SIB: 
Testing and characterization of sustainable innovative bituminous materials and 
systems), where the three-dimensional linear viscoelastic behavior of the specimens 
have been characterized. The tension-compression test method is thoroughly 
described in work by e.g. Di Benedetto et al. (2007), Nguyen et al. (2013a) and 
Nguyen et al. (2013c). 

2.1 Materials 
Table 1 presents details of the eight different specimens from which results are 
reported. Note that the modal and tension-compression measurements have been 
performed to different specimens except for the specimen GB3 (s.3). To this 
specimen both modal and tension-compression testing have been performed and 
reported by Gudmarsson et al. (2014a). Results of the tension-compression tested 
specimens have previously been presented by e.g. Nguyen et al. (2013b). The GB5® 
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mix has a higher content of large aggregates than the GB3 mix as shown by the 
gradation curves in Fig. 1 and presented by Table 2 and 3. Otherwise, the two mixes 
contain the same binder with the penetration grade of 35/50 and a binder content of 
4.5 percent by weight. 

TABLE 1.  Details of the specimens from which results are reported. 

Specimen Test 
date 

Test 
method Test ID Mass 

(g) 
Height 
(mm) 

Diameter 
(mm) 

Density 
(kg/m3) 

GB3 (s.1) Aug. 
2012 

Tension-
compression 

TC – GB3 
(s.1) 1572 140.9 73.8 2609.7 

GB3 (s.2) Aug. 
2012 

Tension-
compression 

TC – GB3 
(s.2) 1564 140.1 73.7 2613.6 

GB3 (s.3) May 
2013 

Tension-
compression 

and FRFs 

TC – GB3 
(s.3) 

1378 122.6 74.1 2606.8 FRF flex.- 
GB3 (s.3) 

FRF long.- 
GB3 (s.3) 

GB3 (s.4) Feb. 
2014 FRFs 

FRF flex.- 
GB3 (s.4) 

1198 140.7 64.6 2586.0 
FRF long.- 
GB3 (s.4) 

GB5 (s.1) Sep. 
2012 

Tension-
compression 

TC – GB5 
(s.1) 1616 142.3 74.1 2635.9 

GB5 (s.2) Aug. 
2012 

Tension-
compression 

TC – GB5 
(s.2) 1595 140.4 73.9 2647.7 

GB5 (s.3) Aug. 
2012 

Tension-
compression 

TC – GB5 
(s.3) 1596 140.7 73.9 2641.3 

GB5 (s.4) Feb. 
2014 FRFs 

FRF flex.- 
GB5 (s.4) 

1209 140.2 64.6 2630.9 
FRF long.- 
GB5 (s.4) 
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Figure. 1 Gradation curves of GB3 and GB5®.  

TABLE 2.  Gradation of GB3. 

Sieve size 
[mm] 

0.063 0.125 0.25 0.5 1 2 3.15 4 5 6.3 10 12.5 14 16 20 

% passing 7.5 11 14 20 26 36 42 45 48 53 65 86 95 99 100 
 
TABLE 3.  Gradation of GB5®. 

Sieve size 
[mm] 

0.063 0.125 0.25 0.5 1 2 3.15 4 5 6.3 8 10 12.5 14 16 20 

% passing 8.4 11 14 19 24 33 38 40 41 43 46 48 79 93 99 100 

2.2 Impact hammer modal testing 
Waves in a solid generated from an external input can interfere and create standing 
waves if the input provides energy to the frequencies that corresponds to the solids 
natural frequencies. The condition of when the input frequencies equal the natural 
frequencies of a solid is known as resonance. Any system or solid in which standing 
waves can form have a large number of natural frequencies which depend on the 
elastic constants, the geometry, the boundary conditions and the density. The elastic 
constants can therefore be determined with great accuracy by measuring a complete 
set of resonance frequencies below some upper limit (Migliori and Sarrao 1997). 
Since a large number of resonance frequencies of different mode types can be 
measured by one single excitation, all elastic constants of a solid with free boundary 
conditions can be determined by one single measurement of an isotropic or 
anisotropic elastic material if the solids dimensions and density are known (Leisure 
and Willis 1997). This is a great advantage compared to methods measuring the 
velocity of propagating waves, where measurements needs to be performed in 
several directions to obtain the same information. Furthermore, no assumptions of 
idealized states of stress and strain are needed since the numerical methods to derive 
elastic constants from resonance frequency measurements account for the complex 
vibrations of a solid (Bernard et al. 2014). In the case of viscoelastic materials as 
asphalt concrete, each frequency are related to a unique material property which 
means that several resonance frequencies cannot be used to increase the accuracy of 



6 
 

a specific material property. However, several resonance frequencies can enable the 
characterization of the frequency dependency of the material properties (Gudmarsson 
et al. 2012a), and by using FRFs the amplitudes over the entire studied frequency 
range provides additional input to the resonances to accurately characterize the 
viscoelastic material properties (Gudmarsson et al. 2012b).  

2.2.1 Measuring FRFs 
To measure the FRFs at different temperatures an instrumented impact hammer 
(PCB model 086E80) was used to excite the specimen, which was placed on soft 
foam for free boundary conditions, and an accelerometer (PCB model 352B10) 
attached by wax was used to measure the response. The accelerometer has a weight 
of 0.7 g and is assumed to not affect the response of the specimen. The hammer and 
the accelerometer were connected to a signal conditioner (PCB model 480B21), 
which was connected to a data acquisition device (NI USB-6251 M Series), which in 
turn was connected to a computer. The measurements were recorded with a sampling 
frequency of 500 kHz and performed by using the data acquisition toolbox in 
MATLAB. The FRFs at different temperatures were determined from the measured 
input and output based on averaging five measurements (n = 5) in the complex 
domain at each frequency according to Eqn. 1,  

 * *

1 1

1 1( ) ( ) ( ) ( ) ( )
n n

k k k k
k k

H f Y f X f X f X f
n n= =

   = ⋅ ⋅   
   
∑ ∑ , (1) 

where H(f) is the frequency response function, Y(f) is the measured acceleration, X(f) 
is the measured applied force and X*(f) is the complex conjugate of the applied force. 
FRFs of the longitudinal and flexural modes of vibrations have been measured for 
both mixes. The positions of the impact excitation for the flexural and longitudinal 
modes of vibration are illustrated in Fig. 2.  
 

 
Fig. 2 Positions of the accelerometer and the impact excitation for the flexural (a) and longitudinal (b) 
modes of vibration 

Figure 3 present the measured response of the specimens over time (Fig. 3a), the 
measured FRFs (Fig. 3b) and the measured coherence functions (Fig. 3c) at 14.2 °C. 
The coherence function is a measure of the phase difference between the input and 
output where a value of one means that this difference is constant for the five 
different impacts. The coherence function is calculated accordingly, 

2
* * *

1 1 1

1 1 1( ) ( ) ( ) ( ) ( ) ( ) ( )
n n n

k k k k k k
k k k

CF f X f Y f X f X f Y f Y f
n n n= = =

      = ⋅ ⋅ ⋅ ⋅      
      

∑ ∑ ∑ , (2) 
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where CF(f) is the coherence function, X*(f)·Y(f) is the cross power spectrum, 
X(f)·X*(f) is the auto power spectrum of the impulse and Y(f)·Y*(f) is the auto power 
spectrum of the response. 
 

 
 
Fig. 3 The measured dynamic response of the asphalt concrete specimen in time domain (a), the frequency 
response function (b) and the coherence function (c) at 14.2 °C 

2.2.2 Calculating and optimizing theoretical FRFs 
The numerical computations were performed through the finite element method 
(FEM) in a three-dimensional space using the following equation of motion, 
 
 2

p
iF e φρω σ− −∇⋅ =u , (3) 

where ρ is the density, ω is the angular frequency (ω = 2πf), u is the displacement 
vector,∇  is the vector operator (∇= [∂/∂X, ∂/∂Y, ∂/∂Z]), σ is the Cauchy stress tensor 
(σ  = C : ε), Fp is a point load, Φ is the phase of the cyclic load, ε is the strain tensor 
(ε = ½[(∇u)T +∇u]), C is the is the fourth-order stiffness tensor (including E* and v*) 
and ∇u is expressed accordingly 
 

 

u u u
X Y Z
v v v
X Y Z
w w w
X Y Z

∂ ∂ ∂ 
 ∂ ∂ ∂ 
∂ ∂ ∂ ∇ =  ∂ ∂ ∂

 ∂ ∂ ∂ 
 ∂ ∂ ∂ 

u , (4) 
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where (X, Y, Z) are the constant material (reference) coordinates and (u, v, w) are the 
global Cartesian components of the displacement vector. The computations were 
performed over a frequency range of 100 to 30 000 Hz with the increment of 20 Hz. 
The point load in the model of 1 N was applied to points corresponding to the points 
of the actual hammer impacts during the measurements of the longitudinal and 
flexural modes of vibration (see Fig. 2). The response in the model was also 
determined in the points corresponding to the accelerometer placements during the 
measurements. The mesh of the model consists of tetrahedral elements with 
quadratic shape functions. A suitable mesh size for good accuracy and to limit the 
computational time was determined through a convergence study to a maximum 
element size of 2 cm.  
 
Initial values of the complex moduli (E*) and complex Poisson’s ratio (v*) are 
assumed to be able to compute FRFs that can be compared to the measured FRFs. 
Thereafter, E* and v* are adjusted iteratively until the computed FRFs match the 
measured FRFs. The viscoelasticity of the asphalt concrete are accounted for by the 
use of a suitable model that can express E* and v* as a function of frequency. There 
are different models that are capable of expressing E*(ω) and v*(ω) of asphalt 
concrete accurately (Olard and Di Benedetto 2003; Yusoff et al. 2011; Gudmarsson 
et al. 2014a). For example, the 2S2P1D model has been commonly applied to 
bituminous materials and can accurately characterize the complex behavior of both 
asphalt binders and mixtures (Olard and Di Benedetto 2004; Di Benedetto et al. 
2007; Tiouajni et al. 2011). The Havriliak-Negami (HN) model has been widely used 
to characterize viscoelastic materials and has also been successfully applied to 
asphalt concrete (Havriliak and Negami 1966; Hartmann et al. 1994; Madigosky et al 
2006; Gudmarsson et al. 2012b; Gudmarsson et al. 2014a, Zhao et al. 2013). A 
comparison of the HN and the 2S2P1D models performed by Gudmarsson et al. 
(2014a) showed that these two models provide similar results of E*(ω) and v*(ω) 
when applied to the optimization of FRFs of asphalt concrete specimens. The 
comparison also showed that the 2S2P1D model may be advantageous for the 
approximation of the phase angle at low frequencies and/or high temperatures when 
applied to cyclic tension-compression testing. However, this advantage of the 
2S2P1D model that comes from the extra number of model parameters is difficult to 
utilize for the modal testing, since this test is performed at higher frequencies 
compared to the cyclic testing. Instead, it is of great practical advantage to limit the 
number of parameters that needs to be estimated in the optimization process of FRFs, 
since this reduces the computational time and facilitates the process of finding the 
global minimum. Therefore, E*(ω) and v*(ω) have been expressed by the HN model 
according to Eqn. 5 and 6,  

 ( )0*( )
1 ( )

βα

E E
E ω E

iωτ
∞

∞

−
= +

 + 
; (5) 

 ( )0*( )
1 ( )v

βα

v v
v ω v

iωτ
∞

∞

−
= +

 + 
, (6) 
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where E0 and v0 are the low frequency values of the modulus and Poisson’s ratio, E∞ 
and v∞ are the high frequency values of the modulus and Poisson’s ratio, α governs 
the width of the loss factor peak, β governs the asymmetry of the loss factor peak, 
and τ and τv is the relaxation time of the complex modulus and complex Poisson’s 
ratio, respectively. The formulation of Eqn. 6 follows the approach presented by Di 
Benedetto et al. (2007), where the 2S2P1D model was formulated to express the 
complex Poisson’s ratio of asphalt concrete. Equation 6 has been applied to estimate 
the complex Poisson’s ratio from modal testing of asphalt concrete in papers by 
Gudmarsson et al. (2014a; 2014b).The FRFs are not sensitive to values of E0 and v0 
within the range that is realistic for asphalt concrete. Therefore, the parameters E0 
and v0 have been assumed to 100 MPa and 0.5, respectively, which are typical values 
of asphalt concrete (Ullidtz et al. 2006; Di Benedetto et al. 2007; Gudmarsson et al. 
2014a). Equation 5 and 6 are used to optimize the computed FRFs at each 
measurement temperature separately. The temperature dependency of asphalt 
concrete can, in addition to the frequency dependency, be accounted for by 
substituting the Williams-Landel-Ferry equation (see Eqn. 7) into the HN model. 
This enables an optimization of the FRFs at all temperatures simultaneously to obtain 
one set of parameter values that can describe all measured FRFs. E*(ω,T) and v*(ω,T) 
can be characterized through Eqns. 7, 8 and 9 accordingly, 
 

 1

2

( )
log ( ) ref

T
ref

c T T
α T

c T T
− −

=
+ −

, (7) 

where T is the test temperature, Tref is the reference temperature and c1 and c2 are 
material constants (Williams et al. 1955),  

 ( )0*( , )
1 ( ( ) )T

βα

E E
E ω T E

iωα T τ
∞

∞

−
= +

 + 
, (8) 

 ( )0*( , )
1 ( ( ) )T v

βα

v v
v ω T v

iωα T τ
∞

∞

−
= +

 + 
. (9) 

Through the use of shift factors there are seven parameters of the HN model (E∞, v∞, 
α, β, τ, c1 and c2) that need to be estimated in the optimization of the computed FRFs. 
The optimization is performed by using COMSOL Multiphysics 4.3b to compute the 
FRFs and MATLAB to automatically minimize the difference between the measured 
and calculated FRFs. The patternsearch algorithm in MATLAB, which was used for 
this purpose, has been found to be efficient in finding the global minimum (Ren et al. 
2011). The difference between the measured and theoretical FRFs are calculated over 
40 frequencies for the longitudinal and flexural modes of vibration. Eqn. 10 presents 
the objective function used to minimize the difference between the theoretical and 
measured FRFs,  

 
1

i i

i

i

N
M T

MNorm
i M

H H
Error H

H=

 −
 = ×
 
 

∑ , (10) 
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where HMNorm is the normalized measured FRF used to weigh the frequencies around 
the resonances higher, HM is the measured FRF, HT is the theoretical FRF, N is the 
number of data points and i is the index of the data point. 
 
Measurements by Gudmarsson et al. (2014a) of the flexural and longitudinal modes 
of vibration of a cylindrical specimen showed differences in the estimated loss 
moduli at higher temperatures between the two modes of vibration. Therefore, the 
longitudinal and flexural modes are estimated separately in this paper to identify 
possible differences between the mode types of the cylindrical specimens. 

3 Results and discussion 

An example of the fit of the optimized FEM computed FRFs to the measured FRFs is 
shown in Fig. 4, where measured and calculated FRFs are presented by normalizing 
the amplitudes over the peak values of the measured FRFs for each temperature. The 
amplitude is normalized to be able to show the fit for all different temperatures in 
one single figure. Figure 4 shows the fit for the GB3 (s.4) specimen over the 
frequency range covering the fundamental flexural mode of vibration. Note the 
increase of the width of the resonance peaks with increasing temperatures, which 
indicates the significant increase of the damping in the material. 
  

 

Fig. 4 Normalized measured (GB3 (s.4)) and finite element computed FRFs of the fundamental flexural 
mode of vibration 

Table 4 presents the master curve parameter values of the HN model determined 
through the optimization of FRFs of the longitudinal and flexural mode types for the 
two mixes. Note that a unique value of the relaxation time (τv) of the complex 
Poisson’s ratio has been applied to the longitudinal mode of vibration of GB3 (s.4). 
A unique value of the relaxation time for Poisson’s ratio may in some cases improve 
the accuracy of the fit of the computed FRFs to the measurements. However, for the 
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three other measured FRFs a unique value of the relaxation time had a negligible 
effect to the fit of the FRFs. Therefore, the relaxation time of the complex modulus 
was also used for the Poisson’s ratio to simplify the optimization of the FRFs. Table 
5 presents the optimized master curve parameter values for the 2S2P1D model (Di 
Benedetto et al. 2007). The 2S2P1D parameter values are presented to facilitate 
further comparison of the modal test results to different test methods applying the 
2S2P1D model to these mixture types. Similarly to the results presented in the paper 
by Gudmarsson et al. (2014a), the 2S2P1D model and the HN model resulted in 
similar E* and v* master curves over the frequency range covered by the modal 
testing (~10-2 to 1012 Hz). Table 4 and 5 can be used to analyze and compare the 
modal testing results of the two models. However, the figures presented in this 
chapter show only the results of the HN model, since a comparison between the two 
models is not the focus of this paper. 
 
TABLE 4.  HN model parameter values of the FRF optimized master curves 
 

Mix Mode E0 [MPa] E∞ [MPa] v0 v∞ α β τ [s] τv [s] c1 c2 
GB3 Long. 100 46650 0.5 0.225 0.476 0.224 1.150 34.47 16.1 97.0 
GB3 Flex. 100 47951 0.5 0.325 0.563 0.212 0.288 0.288 15.9 109.1 
GB5 Long. 100 50254 0.5 0.262 0.547 0.183 2.443 2.443 17.7 102.4 
GB5 Flex. 100 50042 0.5 0.251 0.459 0.238 0.491 0.491 17.5 111.1 
 
TABLE 5. 2S2P1D model parameter values of the FRF optimized master 
curves 

 
Figure 5 shows the FRF optimized complex modulus master curves of the 
longitudinal and flexural mode types together with the longitudinal complex moduli 
characterized at each measurement temperature of GB3 (s.4). The results in Fig. 5a 
show that the flexural mode type give higher dynamic moduli at higher frequencies 
and lower moduli at lower frequencies. These results together with the higher phase 
angle in Fig. 5b and the higher loss moduli in Fig. 5c show that the flexural mode 
type exhibits a higher damping than the longitudinal mode type for this specimen. 
This difference between the mode types was also observed at higher temperatures by 
Gudmarsson et al. (2014a). The Cole-Cole diagram (Fig. 5c) show that the complex 
moduli estimated for each measurement temperature follow the master curve well. 
This indicates that the thermo-rheological simple assumption of the asphalt concrete 
is valid, which is a prerequisite to construct master curves (Nguyen et al. 2013a; 
Nguyen et al. 2013c).  

Mix Mode E0 [MPa] E∞ [MPa] v0 v∞ δ k h β τ [s] τv [s] c1 c2 
GB3 Long. 100 45845 0.5 0.225 1.38 0.152 0.475 778 0.056 1.68 14.8 97.0 
GB3 Flex. 100 47534 0.5 0.325 1.03 0.140 0.495 778 0.013 0.013 14.8 104.7 
GB5 Long. 100 50254 0.5 0.262 0.98 0.112 0.380 22 0.070 0.070 17.7 102.4 
GB5 Flex. 100 49800 0.5 0.251 1.03 0.130 0.440 75 0.029 0.029 18.2 117.1 
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Fig. 5 GB3 (s.4) FRF optimized complex moduli master curves of the longitudinal and flexural modes of 
vibration showing the absolute value, |E*| (a), the phase angle (b), and loss and storage modulus (c) 

The FRF optimized complex Poisson’s ratio master curves of the longitudinal and 
flexural modes of vibration together with the longitudinal complex Poisson’s ratio 
characterized at each measurements temperature of the GB3 mix are shown in Fig. 6. 
Figures 6a to 6c show a clear difference between Poisson’s ratio of the flexural and 
longitudinal mode type for this specimen. The different longitudinal and flexural 
Poisson’s ratios were necessary to obtain a good fit to the corresponding longitudinal 
and flexural measured FRFs. Note that the high frequency value of Poisson’s ratio is 
determined with good accuracy based on the distance between the resonance peaks 
of the measured FRFs, while the low frequency Poisson’s ratio is based on the 
estimated parameters of the HN model and the assumption of v0 = 0.5. 
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Fig. 6 GB3 (s.4) FRF optimized complex Poisson’s ratio master curves of the longitudinal and flexural 
modes of vibration showing the absolute value, |v*| (a), the phase angle (b), and loss and storage modulus 
(c) 

The effects of different Poisson’s ratios to the FRFs are illustrated in Fig. 7, where 
the measured longitudinal and flexural FRFs at -19.1 °C are shown together with 
FEM computed FRFs using the Poisson’s ratio of the longitudinal and flexural mode 
types. Figure 7a show the measured FRF of the longitudinal mode type and two 
FRFs that have been computed through the longitudinal and flexural determined 
complex Poisson’s ratio. It is seen that the flexural values of Poisson’s ratio gives a 
computed longitudinal FRF where the second resonance frequency is lower 
compared to the measured longitudinal FRF. Figure 7b show the same procedure for 
the flexural mode of vibration. Here it is seen that the use of the longitudinal value of 
Poisson’s ratio gives a computed flexural FRF where the second resonance frequency 
is too high compared to the measurements. It can be seen in Figure 7 that a lower 
Poisson’s ratio gives a larger distance between the resonance peaks, and vice versa. 
The influence of Poisson’s ratio to the FRFs increases as the frequency increases.  



14 
 

 

Fig. 7 Comparing FRFs calculated by using different Poisson’s ratio to the measured FRFs of the 
longitudinal (a) and flexural (b) modes of vibration at -19.1 °C 

The maximum strains at the fundamental resonance frequency of the longitudinal 
mode of vibration are shown for the different measurement temperatures in Fig. 8a. 
The strains have been approximated through the finite element method and the 
measured acceleration at each measurement temperature. The strains were derived 
from a point in the middle of the specimen (the node), which is the location of where 
the maximum strains occurs for the fundamental longitudinal mode of vibration. In 
addition to the temperature and frequency dependency, the strains in Fig. 8a are also 
a result of the magnitude of the applied force in the hammer impacts. Figure 8b show 
the strain normalized over the applied force to illustrate the effects of only the 
temperature and frequency on the strain level through modal testing. 
 

 
Fig. 8 The maximum strain levels at the fundamental resonance frequency of the longitudinal mode of 
vibration (GB3 (s.4)) 

Figure 9 present the FRF optimized complex moduli master curve of the longitudinal 
mode of vibration of the specimen GB3 (s.4) and the tension-compression 
measurement results of the asphalt concrete specimens of the same mix (GB3). The 
figure also shows the FRF optimized master curve of the specimen GB3 (s.3), which 
was determined and presented in Gudmarsson et al. (2014a). The two master curves 
determined through modal testing of the two specimens of the same mix but with 
different dimensions are nearly identical. Also, the tension-compression testing of 
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the three different specimens gave repetitive results of the complex moduli. The 
comparison between the FRF and the tension-compression determined complex 
moduli show that the low strain modal testing provides higher absolute values of the 
complex moduli. However, the differences between the methods reduces as the 
frequency increases which show that the material is less strain level dependent at 
higher values of the modulus.  
 

 
 

Fig. 9 Comparison of the complex modulus master curves determined through FRF and tension-
compression testing of four different specimens showing the absolute value, |E*| (a), the phase angle (b), 
and loss and storage modulus (c) 

Figure 10 presents the comparison of the tension-compression and FRF optimized 
complex Poisson’s ratio of the longitudinal modes of vibration. The difference 
between the Poisson’s ratios of the two specimens characterized through modal 
testing comes from that different amount of parameters in the applied HN model 
were optimized to match the theoretical and measured FRFs. The specimen GB3 
(s.3) has been estimated using the same τ value for both the complex modulus and 
complex Poisson’s ratio, while the specimen GB3 (s.4) has been estimated with a 
different value of τ for Poisson’s ratio in the HN model. The latter approach slightly 
improved the fit of the computed FRF for the second longitudinal resonance 
frequency compared to using τ of the complex modulus for this specimen (GB3 
(s.4)). It can also be seen that the modal testing determined Poisson’s ratio of the 
specimen GB3 (s.4) agrees very well with two out of three presented tension-
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compression results of Poisson’s ratio. It is clear that the tension-compression 
determined Poisson’s ratio of the specimen labeled TC - GB3 (s.3) differs from all 
other tension-compression and modal test results of the complex Poisson’s ratio. This 
is a strong indication of that the tension-compression results of TC - GB3 (s.3) may 
not have been correctly measured. For example, a calculated FRF based on the 
tension-compression measured Poisson’s ratio of TC - GB3 (s.3) results in a too 
large distance between the resonance peaks compared to the measured FRFs. 
Relating this to the previous results shown in Fig. 7, it means that the tension-
compression determined Poisson’s ratio of TC - GB3 (s.3) is too low. This is also 
what can be seen by comparing the tension-compression results to each other. It 
should be noted that small measurements errors in the conventional test have a 
relatively large effect on the Poisson’s ratio. For example, an approximately 0.4 μm 
change of the specimen diameter corresponds to a change of Poisson’s ratio with 
~0.1, which is about the difference shown in Figure 10a. 
 

 
Fig. 10 Comparison of the complex Poisson’s ratio master curves determined through FRF and tension-
compression testing of four different specimens showing the absolute value, |v*| (a), the phase angle (b), 
and loss and storage modulus (c) 

Results of the GB5® mix are shown in the final four figures of this paper. Figure 11 
present the complex moduli master curves of the longitudinal and flexural mode 
types determined from the optimization of FRFs. The complex moduli estimated for 
each measurement temperature of the longitudinal modes of vibration are also 
presented. For this modal tested specimen (GB5 (s.4)) there are only small 
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differences between the complex moduli of the flexural and longitudinal modes of 
vibration. In all three subplots (Fig. 11a to 11c), the higher frequency range give 
almost identical results between the two modes of vibration, while smaller deviations 
in moduli and phase angle can be seen in the lower frequency range. The Cole-Cole 
diagram shows that the thermo-rheological simple assumption is valid also for this 
specimen.  
 

 
Fig. 11 GB5 (s.4) FRF optimized complex moduli master curves of the longitudinal and flexural modes of 
vibration showing the absolute value, |E*| (a), the phase angle (b), and loss and storage modulus (c) 

Figure 12 presents the complex Poisson’s ratio master curves of the longitudinal and 
flexural modes of vibration together with the longitudinal complex Poisson’s ratio 
characterized at each measurements temperature. Similar to the complex moduli 
results, the values of complex Poisson’s ratio for the two mode types are quite 
similar for this specimen (GB5 (s.4)).  
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Fig. 12 GB5 (s.4) FRF optimized complex Poisson’s ratio master curves of the longitudinal and flexural 
modes of vibration showing the absolute value, |v*| (a), the phase angle (b), and loss and storage modulus 
(c) 

The comparison of the complex moduli between the cyclic tension-compression 
testing and the modal testing are presented in Fig. 13. The modal test determined 
complex moduli (FRF long. - GB5 (s.4)) gives a higher absolute value of the 
complex modulus which is precisely what has been seen in all of the other 
comparisons between the two test methods. The three tension-compression tested 
specimens show a good agreement between each other with a small exception of the 
measured phase angles at the lowest frequencies (see Fig. 13b).  
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Fig. 13 Comparison of the complex modulus master curves determined through FRF and tension-
compression testing of four different specimens showing the absolute value, |E*| (a), the phase angle (b), 
and loss and storage modulus (c) 

Figure 14 shows the complex Poisson’s ratio determined from the tension-
compression and modal testing of the longitudinal modes of vibration. The modal 
testing resulted in a slightly higher absolute value of Poisson’s ratio than the 
conventional cyclic testing at the high frequencies as shown in Fig. 14a. However, in 
general there is a fairly good agreement between the two test methods. The same 
subplot shows that there are differences between the three tension-compression 
tested specimens at low frequencies, where some conventional test results exceed 
Poisson’s ratio of 0.5. The tension compression testing of the three specimens shows 
a general trend but at the same time there are several deviating measurements which 
are seen clearly in Fig. 14b and 14c. These results further indicate the complexity to 
accurately measure the complex Poisson’s ratio of asphalt concrete.  
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Fig. 14 Comparison of the complex Poisson’s ratio master curves determined through FRF and tension-
compression testing of four different specimens showing the absolute value, |v*| (a), the phase angle (b), 
and loss and storage modulus (c) 

4 Conclusions 

All three modal tested specimens (two different mixtures) have been shown to result 
in higher absolute values of the complex moduli and lower phase angles compared to 
the tension-compression testing. The comparison of the complex moduli performed 
in this paper strengthen previous results, shown in Gudmarsson et al. (2014a), of the 
strain level influence to the complex modulus master curve of asphalt concrete 
determined through modal and cyclic testing. Furthermore, it was seen that the 
different dimensions of the cylindrical specimens did not affect the modal test 
results.  

The modal and tension-compression testing gives similar results of the complex 
Poisson’s ratio, if the tension-compression complex Poisson’s ratio results of the 
specimen labeled TC – GB3 (s.3) are disregarded. This indicates that in contrast to 
the complex moduli, the complex Poisson’s ratio may be independent on the 
different strain levels in the studied strain range. An improvement of the fit of the 
FRFs may in some cases be possible by using a value of the relaxation time for 
Poisson’s ratio different from the value used for the complex modulus. However, in 
most cases the optimization of the FRFs can be simplified by assuming the same 
relaxation time for the complex modulus and complex Poisson’s ratio.  
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Differences between the flexural and longitudinal modes of vibration were seen for 
the GB3 (s.4) specimen, where the flexural modes of vibration resulted in higher loss 
moduli and higher Poisson’s ratio. However, no clear differences of the damping 
(loss moduli and phase angle) between the two modes of vibration were seen for the 
GB5 (s.4) specimen. These results indicate that there are no systematic differences 
between the flexural and longitudinal modes of vibrations of asphalt concrete 
specimens.  
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The complex Young’s moduli, complex shear moduli and complex Poisson’s ratio of a beam shaped
asphalt concrete specimen have been characterized through low strain (�10�7) frequency response func-
tion measurements. The assumption of isotropic linear viscoelastic behavior has been applied and inves-
tigated. The results indicate that the asphalt concrete specimen agree with the isotropic linear
viscoelastic assumption at low temperatures and high frequencies (>10 kHz at 0 �C), but at higher tem-
peratures and lower frequencies, discrepancies from isotropic linear behavior are shown. The dynamic
shear moduli calculated from the estimated Young’s moduli and Poisson’s ratio of the asphalt concrete
specimen are overestimated for frequencies and temperatures often applied to pavements.

� 2014 Elsevier Ltd. All rights reserved.
�
1. Introduction

The viscoelastic complex modulus of asphalt concrete is funda-
mental to modern pavement design due to the time and temperature
dependency of bituminous materials. Methods to determine the
complex modulus over a wide frequency and temperature range
(i.e. master curve) are today based on predictive equations or
mechanical laboratory testing [1–5]. The conventional cyclic loading
tests of bituminous mixtures are expensive and complicated to
perform while the predictive models are more economic but not as
accurate as actual testing. New methods to measure the complex
modulus of asphalt concrete through stress wave measurements
are economic, accurate and open up the possibility of future nonde-
structive quality control of pavement materials [6–9].

In the field of pavement engineering, the complex Young’s
modulus (E�) is often related to the complex shear modulus (G�)
and complex Poisson’s ratio (v ) according to isotropic linear visco-
elastic theory. However, it has been shown in several papers that
the relations of E�, G� and v� according to isotropic linear viscoelas-
tic theory are not at all accurate for asphalt concrete [10–15]. It has
instead been recommended to apply empirical formulations to
relate E�, G� and v� [3,13]. The reason for the discrepancy from iso-
tropic linear viscoelastic theory is not fully understood, even if
anisotropy of the asphalt concrete has been believed to be one
important reason [13,14,16]. At the same time, anisotropy has
shown to have a minor influence to the small strain behavior as
e.g. the dynamic modulus [2,17]. Di Benedetto et al. [16] concluded
that the relation between E� and G� remains unknown for asphalt
concrete and needs further studying.

In the field of geophysics it is well known that compression and
shear waves exhibit different attenuation in saturated rocks and
soils [18,19]. For these porous materials it has been necessary to
apply the theory of linear poroelasticity to be able to predict the
dynamic response. Different damping properties of compression
and shear waves may also be the case of asphalt concrete,
especially at higher temperatures, but this has not been thoroughly

http://crossmark.crossref.org/dialog/?doi=10.1016/j.conbuildmat.2014.05.077&domain=pdf
http://dx.doi.org/10.1016/j.conbuildmat.2014.05.077
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examined. On the other hand, it has been theoretically shown that
the complex bulk moduli have a lower damping than the complex
shear moduli for viscoelastic materials [20,21]. Furthermore, Pritz
[22] showed that the bulk and shear loss factors are related
through the dynamic Poisson’s ratio for viscoelastic materials if
the shear loss factor is lower than 0.3. It was also pointed out by
Pritz [22,23] that the relation may be accurate enough for a higher
shear loss factor. Measurements of asphalt concrete often results in
loss factors above 0.3 for both E� and G� at high temperatures
[5,9,24]. Possible differences between the loss factors of E� and G�

of asphalt concrete could be a reason to discrepancies from isotro-
pic linear viscoelastic theory [10,25].

Despite the uncertainties of the relation between the isotropic
linear viscoelastic properties, there are few papers reporting mea-
surements of E� and G� that have been performed on the same
asphalt concrete specimens [10,11]. More common are measure-
ments of E� and G� that have been performed to the same asphalt
mixture but not on the same specimens cf. e.g. [13,14,26]. A prob-
able reason for this are limitations of most of the conventional test
methods to measure both E� and G� for the same specimen. In addi-
tion, the conventional test methods often introduces different
boundary conditions and different types of set-up of the E� and
G� measurements. Therefore, it is of high interest to further inves-
tigate the low strain E� and G� of asphalt concrete using nonde-
structive testing. Nondestructive stress wave measurements may
enable the characterization of both E� and G� by measuring differ-
ent modes of vibration of an asphalt concrete specimen.

Mounier et al. [27] performed ultrasonic testing to cylindrical
asphalt concrete specimens where the propagation of compression
and shear waves was measured. E� and v were determined through
simplified approximate formulations for one loading frequency per
temperature, but no results of G� were presented. Other stress
wave measurements performed to asphalt concrete has also been
focused on only determining E�, through either ultrasonic wave
propagation measurements [25,28–31] or impact resonance
testing [32–34]. In common for these tests is that simplified
approximate relations have been used to determine one E� per
temperature (cf. e.g. ASTM C215 2008 [35]). Therefore, the fre-
quency dependency of the asphalt concrete cannot be estimated
through this approach. To characterize the frequency dependency
of E� through stress wave measurements, numerical methods
(resonant acoustic spectroscopy) were applied by Ryden [36] and
Gudmarsson et al. [8]. The combination of numerical computations
and resonance frequency measurements allows the determination
of the full elastic tensor of isotropic and anisotropic elastic materi-
als, since the resonance frequencies of free solids depend on the
mass, the dimensions and the elastic constants [6]. The application
of resonant acoustic spectroscopy to the frequency dependent
asphalt concrete enabled the determination of E� at more than
one resonance frequency. However, in order to determine master
curves based only on stress wave measurements, it was also con-
cluded that the measurements should not be limited to the discrete
resonance frequencies. Frequency response functions (FRFs), i.e.
the acceleration divided by the applied force in frequency domain,
provide information of material properties over a wide frequency
range including both resonance peaks and valleys in a frequency
response curve. This allows material properties to be determined
over a wide and fine sampled frequency range. Measurements of
FRFs have been applied in other fields of engineering to estimate
master curves, where properties of materials as e.g. metal polymer
Table 1
Gradation of the asphalt concrete mixture.

Sieve size (mm) 0.063 0.125 0.25 0.5 1
% Passing 8.9 12 16 21 28
sandwich [37], silicone rubber [38] and multi-layer beams of metal
and viscoelastic material [39] have been characterized. Measure-
ments of FRFs have also been applied to an asphalt concrete
specimen where E� was characterized over a wide frequency range
[9]. This enabled the E� master curve to be determined for the
longitudinal modes of vibration by only applying modal testing
to asphalt concrete. However, there have been no studies applying
this method to characterize E�, G� and v� of asphalt concrete
specimens.

In this paper, FRF measurements of the longitudinal, flexural
and torsional modes of vibration are performed to characterize
the low strain E�(T, f), v�(T, f) and G�(T, f) of a beam shaped asphalt
concrete specimen. Theoretical FRFs are calculated numerically by
the finite element method and optimized against measured FRFs to
estimate the material properties of the asphalt concrete specimen.
The results presented in this paper indicate that the calculated
G�(T, f) from the estimated E�(T, f) and v�(T, f) are overestimated
for the asphalt concrete specimen at important frequencies and
temperatures.

2. Methodology

2.1. Materials and measurements

The asphalt concrete specimen used in these measurements has previously
been tested in [8], where resonant acoustic spectroscopy was applied to derive
the complex modulus from the discrete resonance frequencies. It has also been
tested in [9], where the method of optimizing FRFs of asphalt concrete was devel-
oped and applied to characterize the complex modulus for the longitudinal modes
of vibration over a wider frequency range. In this study, additional modes of vibra-
tion are measured to characterize and investigate the relation between E�, G� and v�

of the beam shaped asphalt concrete specimen. The specimen consists of granite
aggregates with the gradation according to Table 1 and Nynas binder with an origi-
nal penetration grade of 70/100. The beam-shaped specimen has been sawn out
from a roller compacted slab with the dimensions of 500 � 560 � 80. The length,
width and height of the specimen are 382.00, 58.74 and 58.94 mm, respectively.
The specimen has an air void content of 2.7% and the density is 2.359 g/cm3. The
binder content of the asphalt concrete mixture is 6.3% by weight.

The specimen was placed on soft foam to provide free boundary conditions
while exciting the flexural, longitudinal and torsional modes of vibration. An instru-
mented hammer (PCB model 086E80) was used to apply the load impulse and an
accelerometer (PCB model 352B10) attached by wax was used to measure the
response of the specimen. The light accelerometer (0.7 g) is assumed to not affect
the measurements. The measurement devices were connected according the fol-
lowing scheme: hammer and accelerometer ? signal conditioner (PCB model
480B21) ? data acquisition device (NI USB-6251 M Series) ? computer. The data
from the hammer and the accelerometer were recorded with a sampling frequency
of 500 kHz. Fig. 1 illustrates the locations of the hammer impacts and the place-
ments of the accelerometer when measuring the flexural, longitudinal and torsional
modes of vibration of the asphalt concrete beam. The accelerometer was placed on
the opposite sides to the locations of the hammer impacts, which are marked in
Fig. 1 for each mode of vibration. The strain levels were approximated for the fun-
damental resonance frequency where the highest strains occur. For the longitudinal
modes of vibration the maximum strain have been approximated to the magnitude
of 10�7 according to Eq. (1), where e is the strain, Y(f) is the measured acceleration
and L is the length of the specimen [40,9]. Note that the highest acceleration at the
fundamental resonance frequency (�17.5 m/s2 at �5200 Hz) was measured for the
longitudinal modes of vibration.

e ¼ Yðf Þ
4pLf 2 ð1Þ

The flexural, longitudinal and torsional modes of vibration were excited by five
impacts each at seven temperatures between �30 and 30 �C, while the specimen
was located inside the temperature chamber. The opening of the door to the tem-
perature chamber is assumed to not affect the temperature of the specimen during
the short time of the measurements (�10–20 s). The recorded load impulse and
response of the specimen were used to calculate the FRFs according to Eq. (2),
where the five measurements (n = 5) are averaged at each frequency. The coherence
2 4 5.6 8 11.2 16 22.4
39 50 58 70 81 98 100



Long.

Flex.

Tor.

Acc.

Fig. 1. Illustration of the locations of the hammer impacts and placements of the
accelerometer for the flexural, longitudinal and torsional modes of vibration,
respectively.

Fig. 3. The coordinates and the mesh of the modeled specimen [9].
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function is a quality estimator of FRFs showing differences of the phase in the com-
plex domain for each frequency. A value of one of the coherence function means
that the phase difference between the input and output is constant for the different
impacts. The coherence function is calculated according to Eq. (3), where the aver-
aging of the five measurements is performed, similar to the FRFs, in the complex
domain at each frequency. Fig. 2 presents the measured response in time domain,
the FRFs and the coherence functions of the flexural, longitudinal and torsional
modes of vibration at 0 �C.

Hðf Þ ¼ 1
n

Xn

k¼1

Ykðf Þ � X�kðf Þ
 !
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 !,
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where H(f) is the frequency response function, Y(f) is the measured acceleration, X(f)
is the measured applied force and X�(f) is the complex conjugate of the applied force.
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where CF(f) is the coherence function, X�(f)�Y(f) is the cross power spectrum, X(f)�X�(f)
is the auto power spectrum of the impulse and Y(f)�Y�(f) is the auto power spectrum
of the response.

2.2. Calculating theoretical frequency response functions

Fig. 3 presents the coordinate system and the applied mesh of the finite element
model of the asphalt concrete specimen. The size of the mesh, consisting of maxi-
mum 2 cm tetrahedral elements with quadratic shape functions, has been deter-
mined through a convergence study of the torsional modes of vibration. The
torsional modes of vibration at the low measurement temperatures were shown
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Fig. 2. The measured acceleration in time domain (a), measured FRFs (b) and the coheren
to be most sensitive to the size of the mesh. Fig. 4 shows the convergence study
at �30 �C. The point load (Fp) in the model was applied in the x, y and z coordinates
(5, 58.74, 53.94) mm for the torsional mode, (5, 29.37, 58.94) mm for the flexural
mode and (0, 29.37, 29.47) for the longitudinal mode. Similarly, the response was
determined in the points (377, 0, 5), (377, 29.37, 58.94) and (382, 29.37, 29.47)
for the torsional, flexural and longitudinal modes, respectively. These positions cor-
respond to the actual points of the hammer impact and accelerometer placement
during the measurements. The point load was applied between a frequency range
of 100–20,000 Hz with the increment of 20 Hz.

Eq. (4) presents the three-dimensional equation of motion used to calculate the
response of the finite element model in frequency domain due to the applied point
load (1 N).

�qx2u�r � r ¼ Fpei/ ð4Þ

where q is the density, x is the angular frequency (x = 2pf), u is the displacement
vector,r is the vector operator (r = [o/oX, o/oY, o/oZ]) and r is the Cauchy stress ten-
sor according to Eq. (5):

r ¼ C : e

e ¼ 1
2
½ðruÞT þru�
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where C is the fourth-order stiffness tensor, e the strain tensor, ‘‘:’’ is the double con-
traction operator, (X, Y, Z) are the constant material (reference) coordinates and (u, v,
w) are the global Cartesian components of the displacement vector [41]. The asphalt
concrete is assumed to be isotropic linear viscoelastic in the calculation of each mode
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Fig. 4. Convergence study of the mesh size for the torsional modes of vibration at
�30 �C.
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of vibration. The stiffness tensor has been built up by E� and v� when calculating the
response of the flexural and longitudinal modes of vibration and by E� and G� when
calculating the torsional modes of vibration. The reason E� and G� are used for the
torsional modes is because the torsional resonance frequencies are nearly indepen-
dent of v�. This enables a characterization of G� without any significant interference
from possible values of E� and v�.

E� and G� have been expressed by the Havriliak–Negami (HN) model according
to Eqs. (6) and (7), respectively. The HN model is known to accurately characterize
the behavior of viscoelastic materials [42–44]. The model has also been applied to
both modal and conventional testing of asphalt concrete [9,45].

E�ðxÞ ¼ E1 þ
ðE0 � E1Þ
½1þ ðixsÞa�b

ð6Þ

G�ðxÞ ¼ G1 þ
ðG0 � G1Þ

½1þ ðixsGÞaG �bG
ð7Þ

where E0/G0 is the static/low frequency modulus when x ? 0, E1/G1 is the high fre-
quency modulus when x ?1, a/aG describes the frequency dependency, b/bG gov-
erns the asymmetry of the loss factor peak, s/sG is the relaxation time and x = 2pf
where f is the frequency (Hz).

The empirical HN model was also formulated to characterize a complex Pois-
son’s ratio according to Eq. (8). Previously, the empirical relationship given by the
NCHRP Guide for Mechanistic-Empirical Design [46] has been applied to estimate
Poisson’s ratio of asphalt concrete through FRF measurements [9]. This (NCHRP)
relation is limited to real values of Poisson’s ratio and cannot be used to estimate
the loss factor/phase angle of Poisson’s ratio. The modified formulation of the HN
model enables the characterization of complex values. A similar approach has been
applied successfully to Poisson’s ratio measurements by e.g. Di Benedetto et al. [5].

v�ðxÞ ¼ v1 þ
ðv0 � v1Þ
½1þ ðixsÞa�b

ð8Þ

where v0 is the low frequency Poisson’s ratio when x ? 0, v1 is the high frequency
Poisson’s ratio when x ?1.

FRFs of solids with arbitrary geometries can be calculated through the finite ele-
ment method. Therefore, the method of optimizing calculated FRFs against mea-
sured FRFs to determine material properties can be applied to asphalt concrete
specimens with any type of geometry.

2.3. Optimization of frequency response functions

Two approaches of optimizing the calculated FRFs have been applied in this
paper. E�, G� and v� have been characterized for each measurement temperature
through the optimization of FRFs when using Eqs. (6)–(8). Master curves of E�, G�

and v� have also be estimated directly through the optimization of the FRFs by
substituting shift factors into the HN model. This operation is based on the assump-
tion that asphalt concrete is a thermo-rheological simple material [47]. Measure-
ments performed at several temperatures over a limited frequency range can be
expressed over much wider frequency range (reduced frequencies) at a specific ref-
erence temperature through this assumption. The shift factors are determined by
the Williams–Landel–Ferry equation according to Eq. (9) [48]:

log aT ðTÞ ¼
�c1ðT � Tref Þ
c2 þ T � Tref

ð9Þ

where aT(T) is the shift factor, T the test temperature, Tref the reference temperature
and c1 and c2 are the material constants.

The shift factors multiplied with the frequencies are the reduced frequencies.
Substituting the shift factors into the HN model gives the following equations,
where the resulting reduced frequencies are multiplied with the only temperature
dependent parameter (s) in the HN model to account for the temperature depen-
dency of the material properties [37,44].
E�ðx; TÞ ¼ E1 þ
ðE0 � E1Þ

½1þ ðixaT ðTÞsÞa�
b ð10Þ

G�ðx; TÞ ¼ G1 þ
ðG0 � G1Þ

½1þ ðixaT ðTÞsGÞaG �bG
ð11Þ

v�ðx; TÞ ¼ v1 þ
ðv0 � v1Þ

½1þ ðixaT ðTÞsÞa�
b ð12Þ

The low frequency asymptotic parameters (E0, G0 and v0) have no influence to
the calculated FRFs for realistic values of asphalt concrete. These parameters have
therefore been assumed to E0 = G0 = 100 MPa and v0 = 0.5 based on test results
reported in the literature [5,49]. The assumed values of the low frequency param-
eters were able to contribute to a good fit between the calculated and measured
FRFs (see Fig. 5).

The optimization of the FRFs was performed by combining a finite element soft-
ware with a software for numerical computations. The theoretical FRFs were calcu-
lated through the finite element method and the numerical computation software
was applied to automatically minimize the difference between the measured and
calculated FRFs. The parameters that were optimized for this purpose were in the
case of the longitudinal and the flexural modes of vibration: E1, v1, a, b, s, c1 and
c2, and in the case of the torsional modes of vibration E1, v1, a, b, s, G1, aG, bG,
sG, c1 and c2. The parameters are not completely unique and the error can be min-
imized by several combinations. An algorithm that has been found efficient in find-
ing the global minimum was used in the optimization procedure [9,37]. The error
was calculated for 60 frequencies for the longitudinal modes of vibration and 80
frequencies for the flexural and torsional modes of vibration. The error between
the FRFs was minimized through the following objective function, where normal-
ized FRFs were used to weigh the frequencies around the resonances higher.

Error ¼
XN

i¼1

HMNormi

�� ��� jHMi
j � jHTi

j
jHMi
j

����
����

� �
ð13Þ

where HMNorm is the normalized measured FRF, HM is the measured FRF, HT is the the-
oretical FRF, N is the number of data points and i is the index of the data point.

3. Results and discussion

Three different modes of vibration have been measured in this
paper. The finite element method has been applied to calculate
the theoretical response of each mode type based on the assump-
tion of isotropic linear viscoelastic theory (see Eq. (14)). The longi-
tudinal modes of vibration have provided a characterization of E�

and v�. The flexural modes have also provided E� and v�, while
the torsional modes of vibration have provided a characterization
of E� and G�. All the three cases have been characterized indepen-
dently of each other. Therefore, if isotropic linear viscoelastic the-
ory is applicable to these measurement results, it should be
possible to obtain the same results as characterized in the three
different cases by calculating E�, G� and v� according to Eq. (14):

G� ¼ E�

2ð1þ v�Þ ð14Þ

However, the results that are presented in this paragraph show
that this is not the case of these measurements. The characterized
E� and v� that gives an optimum fit of the calculated FRFs to the
longitudinal measurements give a G� that does not match the tor-
sional measurements very well. The same observation is also made
from the flexural characterized E� and v�. In the case of the tor-
sional modes of vibration, G� is characterized accurately since it
is nearly independent of E� or v�. An approximation of E� can also
be obtained from the torsional modes, since the flexural modes
of vibration are also excited through the torsional measurements.
However, the E� characterized from the torsional modes does not
give an optimum match to the FRFs of the flexural or longitudinal
modes of vibration. Therefore, the torsional characterized E� and
the following v� (based on E� and G�) from the torsional modes
are not considered to be the correct material properties. Instead,
E� and v� of the flexural and longitudinal mode types and G� of
the torsional modes of vibrations are considered to be the correct
material properties. This conclusion is simply based on the fits of
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Table 2
Estimated complex modulus (E�) parameter values of the HN model, where Tref = 0 �C,
c1 = 16.30 and c2 = 101.98.

Mode type E0 (MPa) E1 (MPa) v0 v1 a b s (s)

Long. 100 38,380 0.5 0.247 0.536 0.241 3.605
Flex. 100 37,180 0.5 0.260 0.566 0.231 3.605

Table 3
Estimated complex shear modulus (G�) parameter values of the HN model, where
Tref = 0 �C, c1 = 14.02 and c2 = 120.02.

Mode type G0 (MPa) G1 (MPa) aG bG sG (s)

Tor. 100 14,797 0.819 0.184 0.298
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the calculated FRFs to the measured FRFs. It is emphasized that E�,
v� and G� are considered correct only for the specific mode type
that they have been characterized for. Figures of the flexural, lon-
gitudinal and torsional characterized E�, v� and G� are presented
further into this section.

Other approaches have been considered in an attempt to obtain
results which agree with isotropic linear viscoelastic theory. For
example, by using G� and v� to calculate the torsional modes of
vibration, arbitrary values of v� can be used to characterize G�. This
G� was thereafter used to characterize v� through optimization of
the longitudinal and flexural modes of vibration. E�was by this cal-
culated from the characterized G� and v�. This approach would give
one set of E�, G� and v� for all modes of vibration. However, the
attempt resulted in poor fits of the calculated FRFs to the measured
FRFs. Therefore, it seems like the response of the three different
modes of vibration cannot be linked together according to isotropic
linear viscoelastic theory.

The best possible matches of the calculated to measured FRFs of
the longitudinal and torsional modes of vibration are presented in
Fig. 5. The measured FRFs at �20, 0 and 20 �C are presented
together with two cases of optimized FRFs. The FRFs that have been
optimized for each measurement temperature individually are
labeled HN model in Fig. 4. Similarly, the FRFs that have been opti-
mized against all measurement temperatures simultaneously are
labeled Master Curve. In Fig. 5 it can be seen that the optimized
master curves gives almost as good fit as the FRFs of each measure-
ment temperature. The estimated parameters that provided the
best possible match of the master curves for each mode type are
presented in Tables 2 and 3.

Figs. 6–9 consist of three subplots which all present information
of the complex dynamic behavior of the specimen. Subplot a shows
the absolute values of the complex modulus and subplot b presents
the phase angle, which is related to the damping of the material.
The phase angle (u) is defined as u = tan�1(E00/E0), where E00 is the
imaginary part (loss moduli) of E� and E0 is the real part (storage
moduli) of E�. Subplot c is a Cole–Cole diagram presenting the loss
and storage moduli. The Cole–Cole diagram is a good indication of
the accuracy to the assumed thermo-rheological simple behavior
of the specimen, since it is independent of the temperature and
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loading frequency. When the results from each measurement tem-
perature follows a unique curve (i.e. master curve) this assumption
is valid. Also, results from the low frequency and high temperature
range are emphasized in the Cole–Cole diagram.
Fig. 6 presents values of E� characterized at each measurement
temperature of the longitudinal modes of vibration along with the
master curves of the longitudinal and flexural mode type. The flex-
ural and longitudinal master curve gives a similar E� except for the
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higher frequencies where the flexural E� is slightly lower than the
longitudinal E�. This difference may be related to the anisotropy of
the specimen and e.g. Clec’h et al. [50] showed similar results from
measurements performed in different directions of asphalt con-
crete specimens.
Fig. 7 shows the characterized G� at each measurement temper-
ature together with the optimized master curve. Fig. 7 also pre-
sents a G� calculated from the flexural characterized E� and v�

master curves according to Eq. (14). However, this calculated G�

provides finite element computed FRFs that gives a worse match



70 A. Gudmarsson et al. / Construction and Building Materials 66 (2014) 63–71
to the measured torsional FRFs compared to the FRFs of the char-
acterized G�. It can be seen in Fig. 7 that the calculated G� has a
lower phase angle and loss factor at lower frequencies compared
to the characterized G�. This shows that the calculated G� gives
an overestimation of the dynamic shear modulus at low frequen-
cies and high temperatures. The discrepancy from the isotropic lin-
ear relationship becomes visible for frequencies lower than
approximately 10 kHz at a reference temperature of 0 �C. These
are normal temperatures and frequencies commonly applied to
pavements. It should be pointed out that accurate values of G�

are as important as E� to pavement design since the shear strain
is often used to predict rutting and the tensile strain is used to pre-
dict fatigue cracking of pavements. The figure also indicates that
the isotropic linear viscoelastic theory is accurate for higher fre-
quencies (>10 kHz) and lower temperatures.

Fig. 8 presents v� characterized at each measurements temper-
ature of the longitudinal modes of vibration together with the mas-
ter curves of the longitudinal and flexural modes. The flexural and
the longitudinal characterized v� show differences at high frequen-
cies that may be linked to the same differences of the flexural and
longitudinal E� master curves. The results of the characterized v�

(�0.25–0.5) are realistic values of asphalt concrete in comparison
with other reported results [5]. Fig. 8 also shows a calculated v�

according to isotropic linear viscoelastic theory. This v� have been
calculated from the flexural characterized E� master curve and the
G� master curve. The calculated v� results in values above 0.5 at
lower frequencies (<10 kHz) and higher temperatures (>0 �C).
Again at higher frequencies above �10 kHz the isotropic linear
assumption seems to give realistic values of |v�|. The results are
in agreement with earlier research showing high values of |v�| cal-
culated from measured E� and G� at frequencies between �10�2

and 20 Hz [10,11,14,26].
Fig. 9 shows the normalized moduli characterized by the opti-

mization of the flexural (E�), longitudinal (E�) and torsional (G�)
mode types. This figure shows a clear difference in phase angle
and loss factor of E� and G�. Sousa and Monismith [10] showed that
v� becomes larger than 0.5 as the difference in damping between
axial and shear modes increases. The results presented here also
indicate that a too large difference between the phase angle of E�

and G� at frequencies lower than 10 kHz seems to be the reason
to why Eq. (14) cannot be applied. However, the mechanisms of
the asphalt concrete specimen causing the differences between
the phase angle of E� and G� has not been investigated in this paper.
4. Conclusions

The results of the discrepancy from isotropic linear viscoelastic
theory presented here confirm earlier measurements of E� and G�

of asphalt concrete, where the calculated |v�| resulted in values
above 0.5. Unlike some of the previous conventional testing of E�

and G� performed to asphalt concrete, the FRF measurements does
not introduce any differences in the test conditions between the E�

and G� characterization. Therefore, the comparison can be focused
only on different material behavior instead of accounting for possi-
ble interference from differences in the test equipment. In addition,
the measurements are performed to the same specimen.

The results of the FRF measurements indicate that the asphalt
concrete specimen exhibit different complex dynamic behavior
for different modes of vibration. The differences in the damping
properties between E� and G� at higher temperatures and lower
frequencies may be the cause to the observed deviations from iso-
tropic linear viscoelastic theory.

An overestimation of the dynamic shear modulus at high tem-
peratures is made for the asphalt concrete specimen, if E� and v�

are used to calculate G� according to isotropic linear viscoelastic
theory. This could have an important practical impact if this is also
the case in pavements in the field, since models to predict rutting
in pavement engineering are often based on a G� that has been cal-
culated from E� and v.
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Abstract. Impact hammer and non-contact speaker excitation were applied to an asphalt concrete, a PVC-U and a 
concrete specimen to measure the fundamental longitudinal resonance frequency at different strain levels. The impact and 
the non-contact excitation methods resulted in similar resonance frequencies for the undamaged asphalt concrete and for 
the PVC-U specimen. However, the two excitation approaches gave different results for the concrete specimen, which 
was shown to have a nonlinear response to increasing strain levels. A reduction and a following recovery of the 
resonance frequency of the asphalt concrete were shown after the specimen was exposed to a small amount of damage. 
However, no fast nonlinear dynamics were observed for the asphalt concrete through the speaker measurements. 

INTRODUCTION 

New nondestructive test methods are needed to characterize nonlinear properties of asphalt concrete such as slow 
dynamics, aging, damage and healing. Conventional complex modulus tests of asphalt concrete are performed at 
different temperatures and frequencies (~0.01 to 25 Hz) through cyclic loading at strain levels of about 50 micro-
strains. Below these strain levels the accuracy of the conventional cyclic loading is not satisfying to study the above 
mentioned nonlinear properties. Impact resonance and modal testing have shown to be economic and accurate 
alternatives to conventional tests to characterize the frequency and temperature dependent material properties of 
asphalt concrete at low strain levels [1-5]. Also, damage and healing was studied by applying impact resonance 
testing according to the concrete standard ASTM C215 to measure changes in the stiffness of asphalt concrete due to 
cyclic fatigue testing with rest periods [6]. However, manually applied impacts in modal testing often require an 
opening of the thermal chamber that can cause disturbances to the temperature. To study e.g. small changes of the 
fundamental resonance frequencies it is vital to limit any unwanted temperature variations in a thermal chamber 
since asphalt concrete is highly temperature dependent. Therefore, measurements requiring an opening of the 
thermal chamber are not optimal in this case, especially at low temperatures. Non-contact excitation of asphalt 
concrete makes it possible to eliminate any disturbances to the temperature by performing the measurements using 
automated excitation inside the thermal chamber. Thus, non-contact excitation may enable detailed measurements to 
investigate potential nonlinearities of asphalt concrete at strain levels lower than the possible measurement range of 
conventional test methods (i.e. ~10-6).  

Studying the dependency of resonance frequencies to strain amplitudes can give an indication and estimation of 
the nonlinearity of materials. This method, called nonlinear resonant ultrasound spectroscopy (NRUS), have been 
applied to other materials such as e.g. rocks, concrete, composites and damaged materials [7-9]. Different excitation 
techniques have also been used, where e.g. Leśnicki et al. [10] applied an impact hammer to excite resonance 
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frequencies to characterize damage in concrete. Van Den Abeele et al. [11] used a speaker to excite and measure the 
amplitude dependency of resonance frequencies of thin slate beams to detect damage. NRUS is based on the fact 
that nonlinear materials often experience a reduction of the modulus when it is disturbed by a mechanical force. This 
behavior which is called nonlinear fast dynamics is followed by slow dynamics where the material slowly returns to 
its initial equilibrium state. The nonlinear fast dynamics can be observed by e.g. increasing the excitation amplitude 
while measuring the resonance frequencies of a solid. A change of the resonance frequency with an increase or 
decrease in amplitude corresponds to a change of the wave speed and modulus. Slow dynamics can be monitored by 
measuring the recovery of resonance frequencies at very low amplitudes [12]. For undamaged materials the 
amplitude dependence are often weak while damaged materials most often show much stronger amplitude 
dependence [11]. These types of tests have not been presented for asphalt concrete and it is therefore not known if 
nonlinear fast and slow dynamics are sensitive damage indicators for asphalt concrete. Early indication of damage in 
asphalt concrete is important since fatigue failure of asphalt concrete is often caused by micro cracks that coalesce to 
macro cracks. It is plausible that nonlinear fast and slow dynamics may be observed for asphalt concrete by 
measuring resonance frequencies at different strain amplitudes.  

In this study, a speaker is applied to excite the fundamental longitudinal resonance frequency of an asphalt 
concrete specimen at different fixed temperatures and amplitudes. The speaker measurements are also applied to 
concrete and PVC-U samples to investigate the repeatability and accuracy of the proposed test method. 

METHODOLOGY 

A concrete, PVC-U and an asphalt concrete specimen have been measured in this study. The concrete specimen 
has a diameter of 100 mm and a height 20 mm, the PVC has a diameter of 150 mm and a height of 40 mm and the 
asphalt concrete specimen has a diameter and height of 150.7 mm and 31.4 mm, respectively. The nominal 
aggregate size of the asphalt concrete specimen is 16 mm and it has a density of 2291 kg/m³. The asphalt mixture 
consists to 5.4 percent by weight of a polymer modified binder (45/80-55). The asphalt concrete specimen was 
tested at three different temperatures (0, -10 and -20 °C). 

The test equipment used to excite and measure the resonance frequencies of the samples were: A speaker (Seas 
prestige 27TDFC/TV H1210), an amplifier (Marantz PM5004), a data acquisition device (NI USB-6251 M Series), 
a computer, a signal conditioner (PCB model 480B21), an impact hammer (PCB model 086E80) and an 
accelerometer (PCB model 352B10). The data acquisition toolbox in MATLAB was used to set-up the analog input 
and output channels of the data acquisition device and to run and record the measurements. The speaker was 
connected to an analog output channel of the data acquisition device via the amplifier. The accelerometer and the 
impact hammer were connected to analog input channels via the signal conditioner. The analog output and input 
were started simultaneously. Continuous sweeps with increasing frequency were performed by the speaker over a 
range of frequencies covering the fundamental longitudinal resonance frequency of the specimens (e.g. 5500 to 8500 
Hz at -20 °C for the asphalt concrete). The sample rate of the speaker measurements were 100 kHz and the 
frequency sweep was applied during 10 seconds. This gives a frequency resolution of 0.003 Hz and approximate 
0.035 to 0.055 Hz change in frequency from period to period over the applied frequency range in the case of the 
asphalt concrete at -20 °C. As a reference to the speaker measurements, an impact hammer was applied to perform 
resonance frequency measurements at each temperature using a sample rate of 500 kHz. The impact hammer excites 
the specimen over a range of frequencies which depend on the specific impact. The response to this impact is a 
transient vibration and the fast Fourier transform (FFT) has been applied to convert the responding amplitudes in 
time domain to corresponding amplitudes in frequency domain. In the case of the speaker excitation, the applied 
frequencies are defined beforehand and the amplitudes at each frequency are directly measured during the 10 
seconds sweep. Figure 1 shows the set-up of the speaker, the specimen and the accelerometer attached by wax. Note 
that the samples were placed on soft foam for free boundary conditions. Figure 2 shows an example of the measured 
response of the asphalt concrete at -20 °C excited by a speaker frequency sweep, where the envelope of the response 
and a Savitzky-Golay filter were used to determine the amplitude [13]. The envelope of the response was 
determined through the Hilbert transform and the filter was applied to smooth the envelope and to reduce noise. The 
speaker was placed at a specific distance from the specimen for each measurement temperature. The distance was 
chosen so that resonance in the air gap between the speaker and specimen would not contaminate the measured 
fundamental resonance frequency of the specimen. Resonance in the air was expected and seen in the measurements 
when the distance between speaker and specimen was equal to approximately an even number of half wavelengths 
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(λ) in the air (λair/2, λair, 3λair /2, etc.). The higher the temperature the more challenging it was to apply the speaker to 
excite the asphalt concrete specimen due to increased attenuation. 

 

 
FIGURE 1. The test set-up showing the speaker attached above the sample for non-contact excitation. 

 

 
FIGURE 2. The measured response (positive amplitudes) at -20 °C, the envelope of the response and the Savitzky-Golay filter to 

reduce noise. 

RESULTS AND DISCUSSION 

The measured fundamental longitudinal resonance frequency of the speaker and the impact hammer excitation of 
the asphalt concrete at different temperatures are presented in Fig. 3. The two excitation methods are shown to give 
the same resonance frequency at the two lowest temperatures, while the impact excitation resulted in a slightly lower 
resonance frequency than the speaker measurement at 0 °C. Although, it is not required to excite the asphalt 
concrete with the same amplitude (acceleration) for the two excitation methods, it is interesting that the speaker is 
capable to excite the asphalt concrete with similar magnitudes as the impact hammer. The results presented in Fig. 3 
show that the speaker can be a promising non-contact approach to measure resonance frequencies of asphalt 
concrete specimens. 
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FIGURE 3. The fundamental longitudinal resonance frequency of the asphalt concrete specimen excited by a speaker and an 

impact hammer at different temperatures. 
 
Figure 4 presents the fundamental longitudinal resonance frequency of the asphalt concrete at -20 °C excited by 

the speaker at different driving amplitudes. The results in Fig. 4 show that the resonance frequency is not depending 
on the strain amplitudes. Hence, there is no observed nonlinear behavior of the asphalt concrete at the strain levels 
generated by the speaker excitation. However, the non-existing resonance frequency shift does not necessarily mean 
that there is no nonlinearity in the material. A material can be nonlinear even though there is no shift in the 
resonance frequencies with different amplitudes. On the other hand, if there is a shift of the resonance peaks it is 
always an indication of nonlinearity [14]. The amplitude in Fig. 4 is close to the maximum vibration of the asphalt 
concrete that could be excited through the speaker measurements. The maximum amplitude corresponds to strain 
levels of approximately 0.26 micro-strains, where the volumetric strains have been estimated by finite element 
analysis of the asphalt concrete specimen using a similar approach as presented by Payan et al. [15]. It is possible 
that this amplitude may not be large enough to see nonlinear fast and slow dynamics effects of the asphalt concrete. 
However, it is also challenging to excite the asphalt concrete with larger vibrations through impact resonance tests 
[3].  

 
FIGURE 4. The fundamental longitudinal resonance frequency of the asphalt concrete specimen at -20 °C excited by a speaker 

at different amplitudes. 
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The speaker excitation was also performed to a PVC-U specimen that is known to be homogenous and linear. 
Figure 5 presents the fundamental longitudinal resonance frequency of the PVC-U specimen that has been excited at 
different amplitudes by both the speaker and the impact hammer. The hammer and the speaker excitation give, in 
similarity to the asphalt concrete specimen, similar results of the resonance frequency and, as expected for this linear 
material, neither of the two approaches show any amplitude dependency of the excited resonance frequency.  

 
FIGURE 5. The fundamental longitudinal resonance frequency of a PVC specimen excited by a hammer and a speaker at 

different amplitudes. 
 
The concrete specimen used in this study was known to be damaged to some extent without showing any visible 

damage. Therefore, the specimen was expected to have a nonlinear response to increasing strain amplitudes. Figure 
6 presents the measured fundamental longitudinal resonance frequency excited by the speaker and the hammer at 
different amplitudes. In contrast to the asphalt concrete and the PVC-U specimen, the two excitation methods gave 
different results of the measured resonance frequency. The impact hammer gives consequently lower resonance 
frequency than the speaker excitation at comparable amplitude levels. The expected nonlinear response with a 
reducing resonance frequency to increasing amplitudes was also shown to be larger for the hammer excitation than 
the speaker excitation. The speaker measurements gave a small but still systematic reduction of the resonance 
frequency with increasing strain amplitudes.  

 
FIGURE 6. The fundamental longitudinal resonance frequency of a concrete specimen excited by a hammer and a speaker at 

different amplitudes. 
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A reason for these different results of the concrete specimen compared to the PVC-U specimen may be due to 
limitations of applying impact measurements to nonlinear materials. An impact gives very high amplitude in the 
early part of the responding transient time signal which rapidly decays with time. Due to the amplitude dependency, 
it may be variations of the resonance frequency within one signal for a nonlinear material where the high amplitude 
in the beginning probably gives a lower frequency than the low amplitude in the end of the signal [16-17]. However, 
the FFT is based on the average amplitude over time. The impact measured resonance frequencies of the concrete 
specimen may therefore not be completely correct. Furthermore, TenCate et al. [18] and Pasqualini et al. [19] have 
shown the existence of two strain regimes where a material below a certain strain threshold have a reversible strain 
amplitude dependency. Above this strain threshold memory effects of previously applied strain amplitudes affect the 
resonance frequency. It is reasonable to believe that the early time response due to an impact may exceed the 
amplitude of this threshold. If this is the case the resonance frequency will be lower than the resonance in the lower 
strain regime [19], which is also seen in Fig. 6. The averaging of the transient response due to the impact does not 
cause similar problems in the case of the linear PVC-U specimen, which have no significant amplitude dependency. 
The amplitude of the response from the speaker and hammer excitation is lower for the PVC-U and the asphalt 
concrete specimen in comparison to the concrete. The size, stiffness and damping of the solid are affecting the 
possibility to excite the specimens with large amplitudes. 

To investigate the possibility to detect damage in the asphalt concrete several hard impacts with a ~0.055 kg hex 
key were applied to the specimen without introducing any visible damage [11]. Figure 7 shows the longitudinal 
resonance frequency excited by the hammer (black dash-dot line) and the speaker after the hard impacts were 
applied. The measured resonance frequency are here lower compared to the results from the undamaged state 
presented in Fig. 4, which indicate some degree of damage. Potential slow dynamics effects were investigated by 
first performing five low amplitude sweeps followed by one high amplitude sweep and finally five additional low 
amplitude sweeps (see Fig. 7). The first five sweeps should be performed at such low amplitude that the sample still 
respond linearly. The high amplitude sweep may disturb the specimen which would result in a lower resonance 
frequency and during the last low amplitude sweeps the resonance may return to the initial value. It is seen in Fig. 7 
that there is no significant difference between the resonance frequency of the low and high amplitude speaker 
sweeps to the damaged asphalt concrete specimen. However, the hammer impact excitation results in a slightly 
lower resonance frequency compared to the speaker results. Considering the impact hammer and speaker results of 
the concrete this may be an indication of nonlinearity of the asphalt concrete, in addition to the drop in resonance 
frequency compared to Fig. 4. 

 
FIGURE 7. The fundamental longitudinal resonance frequency of a damaged asphalt concrete specimen at -20 °C excited by a 

speaker at ten low amplitudes, one high amplitude and a by a hammer. 
 
Figure 8 shows the resonance frequencies of the damaged asphalt concrete specimen measured at different 

excitation amplitudes approximately two hours after the measurements presented in Fig. 7 were performed. Also in 
this case, there is no significant resonance frequency shift due to different excitation amplitudes. However, a 
recovery of the resonance frequency after the damaged was induced is indicated by comparing Fig. 7 and 8. The 
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measurements presented in Fig. 8 show in similarity to Fig. 7 that there is a small difference between the hammer 
and the speaker excited resonance frequency. Note that the impact hammer has not been applied to excite the asphalt 
concrete at different strain amplitudes due to the strong temperature dependency and the reasons stated in the 
introduction. 

 
FIGURE 8. The fundamental longitudinal resonance frequency of a damaged asphalt concrete specimen at -20 °C excited by a 

speaker at different amplitudes. 
 
Measurements of the recovery of the fundamental longitudinal resonance frequency are presented in Fig. 9 for a 

time span lasting over several days. A systematic recovery to the initial resonance frequency is observed with 
increasing time. The recovery may be due to healing of the asphalt concrete specimen or due to slow dynamics, 
where the recovery to the equilibrium state may last for days [20]. It is not possible to separate possible slow 
dynamics effects from the healing process in these measurements. Furthermore, thixotropy is another effect that 
should be mentioned when studying the recovery of asphalt concrete. A thixotropic material experiences a reduction 
of the viscosity when it’s exposed to stress, which in turn would reduce the modulus and resonance frequencies of 
the material. This effect, which acts on the binder, is reversible and a recovery of the viscosity occurs when the 
material is at rest. However, thixotropy may not be of great importance in these measurements since these effects are 
more sensitive to shearing [21]. These results of the asphalt concrete measurements show similarities to results of 
measurements performed to rubber, which showed large slow dynamics effects while no fast nonlinear dynamics 
was present [22]. 

 
FIGURE 9. Recovery of the fundamental longitudinal resonance frequency of a damaged asphalt concrete specimen at -20 °C. 
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CONCLUSIONS 

A speaker can be used to excite the resonance frequencies of asphalt concrete specimens. Speaker excited 
resonance frequencies of the asphalt concrete specimen at 0, -10 and -20 °C agreed with the resonance frequencies 
excited by an impact hammer. Speaker and impact excited resonance frequencies at different strain amplitudes were 
also shown to give similar results for the PVC-U specimen. However, for the damaged concrete specimen the two 
excitation methods gave different results of the measured resonance frequencies. The concrete was also the only 
tested specimen that showed a systematic resonance frequency dependency to the strain amplitude. Damage in the 
asphalt concrete specimen was identified by a drop of the resonance frequency, but no nonlinear fast dynamics was 
observed. However, a recovery of the resonance frequency was measured over time for the damaged asphalt 
concrete specimen. This recovery may be due to healing or slow dynamics. 
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